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Abstract. The Lichnerowicz conjecture asserts that all harmonic 
manifolds are either flat or locally symmetric spaces of rank 1. This 
conjecture has been proved by Z.I. Szabo [Sz| for harmonic mani- 
folds with compact universal cover. E. Damek and F. Ricci |DRj 
provided examples showing that in the noncompact case the con- 
jecture is wrong. However, such manifolds do not admit a compact 
quotient. The classification of all noncompact harmonic spaces is 
still a very difficult open problem. 

In this paper we provide a survey on recent results on non- 
compact simply connected harmonic manifolds, and we also prove 
many new results, both for general noncompact harmonic mani- 
folds and for noncompact harmonic manifolds with purely expo- 
nential volume growth. 
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1. Introduction 

A complete Riemannian manifold X is called harmonic if the har- 
monic functions satisfy the mean value property, that is, the average 
on any sphere coincides with its value in the center. Equivalently, for 
any p G X the volume density 6p{q) = ^Jdei gij{q) in normal coordi- 
nates, centered at any point p G X, is a radial function. In particular, 
if c : [0, oo) — )■ X is a normal geodesic with c(0) = p, the function 
f{t) := 9p{c(t)) is independent of c. It is easy to see that all rank 1 
symmetric spaces and Euclidean spaces (model spaces) are harmonic. 
In 1944, A. Lichnerowicz conjectured that conversely every complete 
harmonic manifold is a model space. He confirmed the conjecture up 
to dimension 4 |Lic] . It was not before the beginning of the 1990's 
that general results where obtained. In 1990 Z.I. Szabo [Sz] proved the 
Lichnerowicz conjecture for compact simply connected spaces. How- 
ever, not much later, in 1992, E. Damek and F. Ricci |DRj showed 
that in the noncompact case the conjecture is wrong. They provided 
examples of homogeneous harmonic spaces which are not symmetric. 
Nevertheless, in 1995 G. Besson, G. Courtois and S. Gallot jBCGj con- 
firmed the conjecture for manifolds of negative curvature admitting a 
compact quotient. The proof consisted in a combination of deep rigid- 
ity results from hyperbolic dynamics and used besides |BGGj the work 
of Y. Benoist, P. Foulon and F. Labourie |BFLj and P. Foulon and 
F. Labourie [FL]. 

In 2002, A. Ranjan and H. Shah showed |RSh2] that noncompact, 
simply connected harmonic manifolds of polynomial volume growth are 
fiat. Using a result by Y. Nikolayevski [Ni] showing that the density 
function / is an exponential polynomial, subexponential volume growth 
of noncompact simply connected harmonic manifolds implies fiatness 
as well. In 2006, J. Heber |He] proved that among the homogeneous 
harmonic spaces only the model spaces and the Damek-Ricci spaces 
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occur. Therefore, it remains to study nonhomogeneous harmonic man- 
ifolds of exponential volume growth. In particular, these are spaces 
without conjugate points and their horospheres have constant mean 
curvature h > 0. 



As has been recently observed by the first author |Kn3j the asymp- 
totic nature of the volume growth has a crucial impact on the geometry 
of the harmonic space. In particular, in |Kn3] it has been proved that 
purely exponential volume growth, geometric rank 1, Gromov hyper- 
bolicity and the Anosov-property of the geodesic flow (with respect 
to the Sasaki-metric) are equivalent for noncompact harmonic spaces 
with h > 0. Note that the volume growth is called purely exponential 
if there exists a constant c > 1 such that for the volume density / the 
estimate 

1 < M < 

^ — ^ht — 

holds for alH > 1. In |Kn3j it is also proved that nonpositive curvature 
or more generally no focal points imply the above conditions. We also 
note that all examples of noncompact harmonic spaces including the 
Damek-Ricci spaces have nonpositive curvature. Therefore, the follow- 
ing questions are fundamental in the study of noncompact harmonic 
spaces: 

(A) Has every non-fiat simply connected noncompact harmonic man- 
ifold purely exponential volume growth? 

(B) Has every non-fiat simply connected noncompact harmonic man- 
ifold nonpositive curvature? 

(C) Are there nonhomogeneous simply connected harmonic mani- 
folds? 

In particular, a negative answer to Question (C) implies a positive 
answer to Question (A) and Question (B). If Question (B) has a pos- 
itive answer. Question (A) has a positive answer as well but not nec- 
essarily vice versa. If Question (A) has an affirmative answer its proof 
could be considered as a first step into the direction of the classifica- 
tion of all harmonic manifolds. But we like to mention that even under 
the additional assumption that a non-fiat simply connected noncom- 
pact manifold {X,g) admits a compact quotient, there is at present no 
proof that (X, g) has purely exponential volume growth without a fur- 
ther assumption. However, in case a compact quotient exists and the 
volume growth is purely exponential one can deduce using the above 
mentioned rigidity results that {X, g) is a symmetric space of negative 
curvature. In particular, if the answer to question (A) is yes it would 
solve the classification of harmonic spaces admitting a compact quo- 
tient (see |Kn3] for details). 
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We refer the reader to [Si], |Krey| and [Be] for well known classical 
results on harmonic spaces, mostly related to the case of simply con- 
nected compact harmonic spaces. For informative surveys on Damek- 
Ricci spaces, we refer the reader to [BTVj and |Rou] . 

The article does not cover recent results on asymtotically harmonic 
spaces given in [He] , \Zil\ IZi2] and |CaSam] . nor does it present the 
integral geometric results for general noncompact spaces given in |PS] . 
Moreover, the article is complementary to |Kn3] . One of the aims of 
this article is to present many important other recent results by several 
authors in a self-contained way. Another aim is the presentation of a 
number of new results. An overview over these results is given at the 
beginning of each of the two parts of this article. 

Acknowledgement: This research was mainly carried out during a 
Research in Pairs Programme (RiP) in August 2012 at the Mathema- 
tisches Forschungsinstitut Oberwolfach. The authors want to express 
their gratitude for this opportunity. We also like to thank U. DzwigoU 
for her support in typing this article. 
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Part 1. General noncompact harmonic manifolds 

In this part, we give mostly self-contained presentations of the fol- 
lowing topics: 

(1) Nikolayevsky's result [NiJ that the density function of a non- 
compact harmonic space is a exponential polynomial, 

(2) Ranj an/Shah's result |RSh2] that harmonic spaces with poly- 
nomial volume growth are flat, and their integral formula for 
harmonic functions, 

(3) Zimmer's result |Zi3j that Busemann and Martin boundary co- 
incide on nonflat harmonic spaces, and the calculation of the 
Radon-Nykodym derivative of the visibility measures. 

The material is presented in our own framework and notation, and is 
often very different from the articles mentioned above. We also present 
several other new results, amongst them a uniform divergence result 
for geodesic rays emanating from the same point (Chapter [3]), vari- 
ous curvature properties of spheres and horospheres (Chapter H]), and 
a differential inequality (see fl7.5p ) for the density function / of every 
noncompact harmonic space. Moreover, we give an explicit formula for 
the Green's kernel in terms of the density function, our treatment of 
visibility measures and their Radon-Nykodym derivative differs consid- 
erably from |Zi3] , and we discuss representations of bounded harmonic 
functions in connection with the Martin boundary. 

2. The density function of harmonic manifolds 

The main goal of this chapter is Nikolayevsky's result [Ni] that the 
density functions of harmonic manifolds are exponential polynomials. 

We start with the more general assumption that {X, g) is a complete, 
simply connected manifold without conjugate points. By a theorem of 
Cartan-Hadamard, the exponential map expp : TpX — )■ X is a diffeo- 
morphism. 

Let us flrst briefly recall some basic facts on the calculus of Jacobi 
tensors (see e.g. [Es], |Grej . |Kn2j and |Knj for more details). Let 
c : / — )■ X be a unit speed geodesic and let X(c) denote the normal 
bundle of c given by a disjoint union 

Nt{c) := {w G T,(t)X | {w,c{t)) = 0}. 

A (1, l)-tensor along c is a differentiable section 

Y -.1 ^ EndX(c) = |jEnd(Xt(c)), 

i.e., for all orthogonal parallel vector flelds Xt along c the covariant 
derivative of t — > Y{t)xt exists. The derivative Y'{t) e End(Xt(c)) is 
deflned by 

Y'{t){x,) = ^(Y{t)x,). 
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Y is called parallel if Y'{t) = for all t. If Y is parallel we have 
Y{t)xt = (Y{0)x)t and, therefore, {Y(t)xt, yt) is constant for all parallel 
vector fields Xt,yt along c . In particular, Y is parallel if and only if Y 
is a constant matrix with respect to parallel frame field in the normal 
bundle of c. Therefore, parallel (1, l)-tensors are also called constant. 

The curvature tensor R induces a symmetric (1, l)-tensor along c 
given by 

R{t)w := R{w,c{t))c{t). 

A (1, l)-tensor Y along c is called a Jacobi tensor if it solves the Jacobi 
equation 

Y"{t) + Rit)Y{t) = 0. 

If Y, Z are two Jacobi tensors along c the derivative of the Wronskian 

W{Y, Z){t) := Y'*{t)Z{t) - Y*{t)Z'{t) 

is zero and thus, W{Y,Z) defines a parallel (1, l)-tensor. A Jacobi 
tensor Y along a geodesic c : J — )■ X is called Lagrange tensor if 
W{Y,Y) = 0. The importance of Lagrange tensors comes from the 
following proposition. 

Proposition 2.1. (see, e.g, p<n3l Prop. 2.1]) Let Y : I EndA^(c) 
be a Lagrange tensor along a geodesic c : I ^ X which is nonsingular 
for all t & I. Then for to & I and any other Jacobi tensor Z along c, 
there exist constant tensors Ci and Ci such that 

(2.1) Z{t) = Y{t) I j {Y*YY\s)ds Ci + C2 

for all t E I . Conversely, every tensor of the form fl2.ip with Y, Ci, C2 
as above is a Jacobi tensor. 

Let SX denote the unit tangent bundle of X with fibres SpX, p G X 
and vr : SX — )■ X be the canonical footpoint projection. For every 

V G SX, let Ci, : M — )■ X denote the unique geodesic satisfying c^(0) = 
V. Define to be the Jacobi tensor along c„ with A^{0) = and 
A'^{0) = id. Then the volume of a geodesic sphere S{p,r) of radius r 
about p is given by 



vol^(p,r)= j det A^{r)dep{v) 



where d6p{v) is the volume element of SpX induced by the Riemannian 
metric. 

Definition 2.2. Let {X,g) be a complete, simply connected manifold 
without conjugate points. X is a harmonic manifold if the volume den- 
sity det A^{t) does not depend on v E SX . We call the function 

fit) = det A,{t) 
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the density function of the harmonic space X. 
Remark. // (X, g) is a harmonic space, we have 

vol S{p,r) = Unfir), 
where Un is the volume of the sphere in the Euclidean space R". Since 

is the mean curvature of the geodesic sphere of radius r > about tt{v) 
in Cv{r), X is harmonic if and only if the mean curvature of all spheres 
is a function depending only on the radius. 

Proposition 2.3. Let {X,g) be a simply connected manifold without 
conjugate points and v G SX . Let be the Jacobi tensor along c„ 
with -B^(O) = id and -B^(O) = 0. For t 7^ 0, the tensor 

Q,{t) = A-\t)B,{t) 

is well defined, since (X, g) has no conjugate points. The tensor 
satisfies 

t 

Qv{t) - Q.{s) = - j {AlA,Y\u)du 

s 

for < s < t. 

Proof. Since A^ is a Lagrange tensor along and nonsigular for t ^ 
{{X,g) has no conjugate points), Proposition 12. II yields 

t 

(2.2) B,{t) = A,{t){ [ iA:A,)-\u)duC, + C2). 



For t = s, we obtain B^^s) = A^(s)C2, and therefore C2 = Qv{s). 
Differentiation at t = s yields 

B'^is) = A'^{s)C, + A,{s)iA:A,)-\s)C, 

= A'^{s)Q^{s) + {A:r\s)C, 

= {Kis)A-\s))B^{s) + {A:)-\s)C, 

= iA:)-\s){A'^ns)B^{s) + {A:r\s)Cr. 

Here we used that A'^{s)A~^{s) is symmetric since it is the second 
fundamental form of a geodesic sphere with radius s around p. This 
implies that 

A:{s)B'^{s) = iA'Jis)B,{s) + C^, 

i.e., the constant tensor Ci satisfies Ci = Al{s)B'^{s) — {A'^)*{s)By{s) = 
-W{A^,B^){s). At s = 0, we conclude Ci(0) = -id -id = -id. 
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Plugging this into f l2.2p . we obtain 

t 

Q,it) = A-\t)B,{t) = - [ iA:A,)-\u)du + Q,is). 



□ 

Proposition 2.4. Let A^^s be Jacobitensor along with A^^sis) = 
and A'^ si^) = id. Then 

t 

(2.3) = A,{t) I {AlA,)-\u)duAl{s). 



Note that A*^{s) in the above formula is a constant tensor. 

Proof. Ay s and the right hand side of fl2.3l) are both Jacobitensors, 
because of Proposition 12.11 Since 



= = A,{s) j {AlA,Y\u)du Al{s) = 

s 

and 

= id = ■ + am{Ka.)-\s)a:{.s), 

both Jacobitensors agree. □ 
Corollary 2.5. We have 

Qv{s) - Q,{t) = AY{t)A,^s{t){Al)-\s) 



Proof. Using Proposition 12.11 and 12. 4[ we conclude 

t 

Qv{s) - Q,{t) = [ iA:A,)-\u)du = A-\t)A,,s{t){A:)-\s) 



□ 

Proposition 12.41 leads to the following important result for manifolds 
without conjugate points: 



Het A (f) 



We assume now that (X, g) is a. harmonic manifold and are about to 
present the main result of this chapter. We have f{t) = detAy{t) and 
det A^^sit) = fit — s). Therefore, we obtain 

11^^ = det(g,(s) - g,(t)) where Q,{s) = A-\s)B,{s). 
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Our main result (Theorem 12. 71 below) follows easily from the follow- 
ing useful fact. 

Proposition 2.6. For a function ip G C°^(M), we denote its translation 
to s E M. by and define this function as (psit) = {p(t — s). Assume that 
the vector space, spanned by all translates of (p, is finite dimensional. 
Then ip is an exponential polynomial, i.e., we have 

k 

Vit) = sin(/3,t) + qi{t) cos(At))e°'* 

i=l 

where pi, qi polynomials and Pi,ai G M. 

Proof. Let V be the finite dimensional vector space defined by 

V := span {ips \ s G M}. 

The derivative of ip can be expressed as the following limit of func- 
tions: 

s-s-O S 
s-5-0 s 

= (lim^)W. 

^ s-s>0 S ' 

We have \{'P — 'Ps) G V for all s > and y^' = lira \ {'P — 'Ps)- Since V 

is finite dimensional, it is closed and we have (p' G V. 

Now, the (dim V^) + 1 functions Lp,Lp', . . . , ^9'^'^'™^) G V must be lin- 
ear dependent over R. This shows that ip satisfies a linear ordinary 
differential equation with constant coefficients and is, therefore, an ex- 
ponential polynomial. □ 

We are now ready to prove our main result. 

Theorem 2.7. (see jNi| Theorem 2]) Let {X,g) be a harmonic mani- 
fold. Then the density function f{t) is an exponential polynomial. 

Proof. As introduced earlier, we define the translations : M — t- M by 
fs{t) = fit — s), where / is the density function. Since Qv{s) — Qvif) 
is a matrix with entries of the form q{s) — q{t), we have 

/,(t) = det(g,(s)-g,(t)/(t)/(s) 

N 

= ^6a(s)Cc,(t), 
a=l 

for some integer N and with suitable smooth functions ba,Ca- 
In particular, the vector space 

V := span {/^ | s G M} C span {c^ | 1 < a < A^} 
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has dimension < A^. Applying Proposition I2.6[ we see that f(t) is an 
exponential polynomial. □ 

Remark. Let {X, g) be a harmonic manifold. 

(a) The volume of a geodesic ball Bt{p) of radius t > in {X,g) can 
be expressed by 

t 



vol St (p) = j vol Su{p)du 





t t 




f{u)du = Un f{u)du 



where Un is the volume of the in— l)-dimensional Euclidean unit sphere. 

(b) We have f{t) = {-if'"''^-^ f{-t) , since 

A,{t) = -A_,{-t) =: C{t) 

which follows from the fact that both sides are Jacobi-Tensors along c„ 
with A^{0) = C(0) = and A'^{0) = C"(0) = id. This implies 

f(t) = det A^{t) = det[-A_^(-t)] = (_i)dimx-i A^^{-t) 

(c) The quotient ^(r) > is the mean curvature of sphere Sr{p) 
(with respect to the outward normal vector) in {X,g), and y('") is 
monotone decreasing to the (constant) mean curvature h > of the 
horospheres of {X, g) . 

Corollary 2.8. Let {X,g) be a harmonic manifold. Then the following 
properties are equivalent: 

• h = 0, 

• X has polynomial volume growth, 

• X has subexponential volume growth. 

Proof. Assume /i = 0. Then we have limr^.oo = 0. Using I'Hopital, 
we obtain 

hm = hm = 0. 

r— !-oo r r— >oo fir] 

This shows that /(r) has subexponential volume growth. 

Assume that /(r) has subexponential volume growth. Since /(r) is 
an exponential polynomial, this implies 

\f{r)\<C{l + rf Vr>0, 

with a suitable C > and for some > 0. Therefore, (X, g) has 
polynomial volume growth. 
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Finally, assume that (X, g) has polynomial volume growth. This 
implies that 

lim = 0. 

On the other hand, we have 

r— >oo fir) 

Using I'Hopital, again, we conclude that 

0=limi^=lim:Q4 = /.. 

r— >C30 r r— 5>oo J[T') 

This shows that h = 0. □ 

Remark. In chapter 0, we will see that h = has an even much 
stronger implication: A harmonic manifold {X, g) with h = is flat. 

3. Uniform divergence of geodesics 

In this chapter, we prove that for every distance d > and any angle 
a > there exists a to > 0, such that any two unit speed geodesics 
ci,C2 starting at the same point and differing by an angle > a will 
diverge uniformly in the sense that d{ci{t), C2{t)) > d for all t >tQ. For 
the proof, we start with the following lemma. 

Lemma 3.1. Let {X,g) be a manifold without conjugate points. De- 
note by the stable Jacobi tensor along the geodesic defined by 
= limr^ao Sv,r, whcrc Sy^r is the Jacobi tensor along defined by 
the boundary conditions S't,.r(0) = id and S^^rif^) = 0. Then we have 

oo 

(i) S^it) = A,{t) J{AlA,)-\u)du, 

t 

oo 

(ii) S'M - S',,M = J{A:A,)-\u)du. 

r 

For a proof see [EOSl pp. 227]. 
Corollary 3.2. With the notation in Lemma \3. il we have 

K{t)A;;\t) - S',{t)s;\t) = A-\tns'M - S',,{o)r'A-\t). 

Proof. Evaluating the Wronskian W{Av, Sv){t) at t = we obtain 

W{A,, S^m = iA'J*it)S,it) - A:it)S',{t) = id 
which implies 

{AT\t){A:r{t) - s'^{t)s;\t) = {A:)-\t)s;\t). 

Lemma 13.11 yields 

s;\t) = {s'M-s'Mr'A-\t). 
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Since = A'^A~^ is the second fundamental form of spheres centered 
at c^(0), By is a symmetric operator, i.e., 

Km~\t) = {A'^{t)A-\t)r = {A:)-\t){A:r{t). 

Combining these results yields the asserted identity. □ 

Proposition 3.3. Let {X,g) be a noncompact harmonic manifold and 
f its density function f . Then there exist constants to > and a > 
such that 

um > 



fit) " 



for all t >tQ. 

Proof. We know that (X, g) has no conjugate points and that the sec- 
tional curvature of X is bounded. From the lower bound —6^ < Kx 
follows (see \Kn\ Cor. 2.12 in Section 1.2]) that 

-b < A'^{t)A;;\t) < bcothbt 

for alH > 0, and 

-b<S',{t)S;\t)<b 
for all t. Choose t^ > such that b coth bt^ = 2. Using the identity in 
Corollary 13. 2[ we obtain for t > to 

\\{S'M - s',,Mr'\\ = \\A,{tnK{t)A-\t) - s'MS;\t))A, 

< ||A(t)f36. 

Since 5'(,(0) — 5'(,((0) is positive definite by Lemma ISTU ii). and 
we obtain 

1 



ii(^:(o)-^:,(o))-^ii > 



> 



\\ism-s[„m\\ 
1 



tr(5;(o)-5;,(o)) m_h 



This yields the required estimate. □ 

Using this we derive the uniform divergence of geodesies described 
above. 

Corollary 3.4. Let Cy : [0, oo) — X and : [0, oo) X be two 

geodesies with v,w & SpX . Then 

d{c^{t) , Cwit)) > a{t)z{v.w) 

where a : [0, oo) — ?■ [0, oo) is a function (not depending on p & X) with 
lim a{t) = oo. 

t—>oo 



NONCOMPACT HARMONIC MANIFOLDS 



13 



Proof. Let c : [0, 1] ^ X be a geodesic connecting Cy{t) with Cui{t). 
Then c is given by 

c(s) = ex.ppr(s)v(s), 

where v{s) e SpX such that v{0) — v , v{l) = w for all < s < 1 and 
r(0) = r(l) = t Then 

^ c(s) = L>expp(r(so)w(so))(r'(so)w(so) +r(so)w'(-So)) 

s=so 

= ^'(so)c;(,,)(r(so)) +>l^(so)(?^(so))K(so)). 
Since c^(sQ)(r(so)) -L A(so)(r(so))(^;'(so)), we obtain 

2 

= (r'(.o))^ + ||A(,„)(r(.o))^'(«o)ir 



d 




ds 


c 

S=So 



> P.(,„)(r(so)K(.o)ir- 

If there exists Sq G [0, 1] such that r(so) < | then using the triangle 
inequality we have d{cy{t),Cw{t)) >t> {t/TT)z{v,w). If this is not the 
case, we obtain for alH > 

1 

(i(c^(t),c^(t)) = length(c) > J \\Ay(s){r{s))v' {s)\\ds 



> 



> 



a 



nm _ I. 

f(t/2) 

a 

/(t/2) '^^ 



\v'(s)\\ds 



{v,w). 



The corollary follows now with the choice 



t 



a(t) — min < — 



a 



71 I f {t/2) _ , 
/(t/2) 



□ 



4. Curvature properties of spheres and horospheres 

This chapter is devoted to the proof of the following facts about 

spheres and horospheres: 

Proposition 4.1. Let {X,g) be a noncompact harmonic manifold. 
Then 

(A) There exist constants C(i?o) > such that all spheres of radius 
r > Rq > (and horospheres) have sectional curvatures in 
[-CiRo),CiRo)]. 
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(B) All spheres have constant scalar curvature where the constant 
depends only on the radius. 

(C) The horospheres have constant non-positive scalar curvature 
and the constant does not depend on the horosphere. The con- 
stant is zero if and only if X has constant sectional curvature. 

Recall that if A^^ is the Jacobi tensor along the geodesic c^^ with 
^fo(O) — ^voi^) ~ then B^^ = A'^^ ■ A~^ is the second 
fundamental form of the sphere centered at Cyg{0). B^^ is symmetric 
and satisfies the Ricatti equation B'^^ +B'^^-\-R = 0. In the proof below 
we need another notation of the second fundamental form: Let Sr{p) 
be the sphere of radius r > around p, q E Sr{p), and v G TgX be 
the outward unit normal vector of the sphere Sr{p) at q. Let Vq G TpX 
be the unit vector such that v = c'^^^r). We also denote the second 
fundamental form of Sr{p) at q by Bq^v{r), that is, we have Bq^^ = 
Bvoir) (see Figure [T]). 



Sr{p) 




/ Bq^y{r) = By^^r) 

Figure 1. Second fundamental forms of spheres 

Proof. The Gauss equation for geodesic spheres implies 

{R^{u,w)w,u) = {R^^^''\u,w)w,u) 

+ {u, Bg^y{r)wf - {Bq.y{r)u, u) ■ {Bq^y{r)w, w) Vm, w G TgSr{p). 

The sectional curvature of a harmonic space is bounded. Therefore, 
there exists a constant Cx > such that we have for all orthonormal 
vectors u,w: 

|i^'(span{M, w})| = \ {R{u,w)w,u) \ < Cx- 

Since there exists 6 > such that the curvature tensor along c^^ is 
bounded from below by —6^ < R{r), we have (see |Kn|. Cor. 2.12 in 
Section 1.2]) 

—b < Bgy{r) < bcoth.br. 
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From |RSh3t Prop. 2.1] we also know that Bg^^r') < Bq^y{r) if r' > r. 
Therefore, we can find a constant Co(-Ro) > such that ||i?q.„(r)|| < 
Cq{Ro) for all r > Rq. Hence, for r > _Ro) we have 

|ir^'-(p)(span{u,w;})| < {span{u,w})\ + 2\\Bg^y{r)f 

< Cx + 2CoiRoY = CiRo). 

This shows (A). 

For the proof of (B), we consider u,w G TgSr{po)- 
Starting with the Gauss equation above for the geodesic sphere Sr{p) 
and taking trace with respect to u in TqSrip), we obtain 

Ric^(w,w) — {R^ {v,w)w,v) = 

Ric^'-(^')(^,^) + \\B,Ar)wf - ^AB.A^)] ■ {Bg.,{r)w,w) 
= Ric^'-(^')(^,^) + {BgArfw,w) -ti[Bg.,{r)] ■ {BgAr)w,w). 
Taking trace again, now with respect to w in TgSr{p), we obtain 

{n - l)Ric^ - Ric^ = scal^'-(P)(g) + tr[5,,,(r)'] - (tr[5g,,(r)])2, 
and therefore 

(4.1) {n - 2)Ric^ = scal^'-(^')(g) + tiiBg^rf] - (tr[5,,,(r)])2 
The Ricatti equation 

B'jr) + Blir) + Rir) = 
with R{r)w = R{w,c'y^{r))c'y^^{r) yields, after applying the trace 

tr[5;(r)]+tr[52^(r)]+Ric^ = 0. 
From this and (14.11) we conclude 

tr[5;,^(r)] + {n- l)Ric^ - scalS^(P)(g) + {tT[B,,{r)]f = 0. 
Since tr i?^g(r) = y(?"), we obtain 

(y) (r) + (n - l)Ric^ - scal^'-(P)(g) + (y (^)) = 0- 



Furthermore, 



implies 



f'\ , , n - in , , 



(4.2) ^(r) + {n- l)Ric^ - scal^'-(P)(g) = 0, 



that is 



scal^'(P)(g) = L{r) + {n- l)Ric^. 
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Hence scal'^''''^'' is constant, and the constant depends only on the radius 
r but not on center p of Sr{p)- Therefore, we can write it as scal'^''. 
This proves (B). 

Since the values scal'^'' converge to the scalar curvature scal^ of any 
horosphere "H as r — )■ oo, we know that the scalar curvature of horo- 
spheres is constant and the constant does not depend on the horo- 
sphere. Moreover, we conclude that lim 4^(r) exists and 

r— >oo ■< 

f" 

- lim ^(r) = (n - l)Ric^ - scal^. 

r— >oo r 

Let us denote this limit by a. Our next goal is to determine a. We 
derive from (14. 2 p that / satisfies the differential equation 

/"(r) + {{n - l)Ric^ - scaf '■)f{r) = 0. 

Note that we have 

lim (n — l)Ric^ — scal'^'' = a. 

r—>oo 

Using the result in [Per], we conclude that lim ^ttt = lim tt-t, where 
/o is the solution of 

/^'W + «/o(r) = 0. 
On the other hand, we know that lim = h. This shows that 

lim t4-t = h, that is a = —h"^ . This shows that 

(4.3) {n - l)Ric^ - scal^ = -h^ . 

The Ricatti equation for orthogonal horospheres along c^^ yields 

tr[«y(r)]+tr[<(rf]+Ric^ = 0. 

Since the trace is linear and tr[i?^(r)] = /i, the derivative vanishes and 
we end up with 

tr[5j(r)2] +Ric^ = 0. 
Using {n - 1) a] > (EJ =1 ^i) ) conclude 

(4.4) (n - l)tr[i?2(r)2] > (tr[i?2(r)])^ = h\ 
which implies 

(4.5) {n - l)Ric^ = -{n - l)ti[B^^{rf] < -h^ 
Combining (14.31) and (14.51) . we obtain 

scal^ = h^ + {n- l)Ric^ < - = 0. 

This shows the first part of (C), namely that the scalar curvature of 
horospheres is a non-positive constant. 

For the second part, we can assume that h > 0. (In the case h = 0, 
the manifold X is isometric to the flat M", and all its horospheres are 
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isometric to the flat M"^^.) The scalar curvature of the horospheres 
vanishes if and only if (n — l)Ric^ = —h'^, i.e., if the inequality f l4.4p 
holds with equality. The inequality fl4.4p holds with equality if and only 
if -B^(r) is a multiple of the identity for every r. Since tr [i?^(r)] = h, 
this multiple does not depend on vq and r, and we have 

BZ{r) = ^ id. 
" n — 1 

Looking at the Ricatti equation again 



we see that 



[n-l] 

i.e., the Jacobi operator along CifjQ IS 3j fixed constant multiple of the 
identity, which means that the sectional curvature of X is constant. 

Therefore the scalar curvature of horospheres vanishes if and only if 
X has constant sectional curvature. This yields (C). □ 



5. Harmonic functions with polynomial growth 

For the reader's convenience, let us first recall the notion of sub- and 
superharmonicity. 

Definition 5.1. Let {X,g) be a Riemannian manifold, A = divograd 
he its Laplacian and u G C^(X). u is called subharmonic if Au > 0. 
u is ca/Zed superharmonic if Au < 0. Obviously, if u is superharmonic 
then —u is subharmonic, and vice versa. Moreover, a harmonic func- 
tion is both sub- and superharmonic. 

It is easy to see that subharmonic functions on arbitrary harmonic 
manifolds satisfy the mean value inequality. 

Proposition 5.2. (Mean Value Inequality) Let {X,g) be a harmonic 
manifold and u G C^(X) be subharmonic. Then we have for all p & X 
and r > 0, 

u{p) < . \ I . I u{q)dfir{q). 
volSrip) Jsrip) 

Proof. Let Hp : C{X) — )• C{X) be the radialisation, i.e., {Trpu){p) = 
u{p) and 

{■Kpu){q) = I I u{q)dfir{q) 

for all g G X with d{p, q) = r. Let u be subharmonic, i.e., Au > 0. It 
is well known that Hp and A commute. Therefore, we obtain 

A^TTpU) = Hp{Au) > 0, 
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i.e., Mo = TTpM is again subharmonic. Since Uq is radial around p, we 
have Uq = F o dp and, using f l7.ip . we have 

(5.1) < Auoiq) = F" o dp{q) + (^F') o dp{q). 

Note that F is an even function with -F(O) = u{p) and -F'(O) = 0. Since 

1 e ^ ^ / u{q)dfXr{q) = Uo{q) = Fo dp{q), 

V0\Sr{p) Js,(p) 

it suffices to show that F{r) > F{0) = u{p) for all r > 0. From (15.1 p 
we conclude 



(/F')'(r) = f{r)F"{r) + /'(r)F'(r) > 0. 
Integrating over [0,r] and using /(O) = = F'{0), we obtain 

/(r)F'(r) > 0, 

and since /(r) > for r > 0, we see that F is monotone increasing on 
[0, oc). This shows F{r) > F{0), finishing the proof. □ 

In the remainder of this chapter, we consider a harmonic manifold 
{X, g) of polynomial volume growth. The main goal is to prove that the 
vector space of all harmonic functions of polynomial growth of order 
< D is finite dimensional. A main tool in the proof is the following 
result for general Riemannian manifolds. 

Lemma 5.3. (compare with jLil Lemma 28. 3] j Let {X,g) be a Rie- 
mannian manifold, p G X, and M > be a non-negative number. Let 
K be a finite dimensional linear space of functions on X such that for 
each u & K , there exists a constant > such that 

(5.2) f \u{x)\^dx<Cu{l + pf^ Vp>0. 

JBp(p) 

Then, for every /3 > 1, 5 > 0, po > 1? there exists p > po such that 
the following holds: if {ui}^^l with k = dimK is an orthonormal basis 
of K with respect to the quadratic form A^p^UjV) := / u{x)v{x)dx, 

then 

k 



j K{x)\^dx>k[5-^'''^'\ 



Proof. We assume that the lemma is wrong. Then, for all p > po, there 
exists an orthonormal basis {ui} with respect to Aj^p such that 

tTppAp = J2M^^^^i) = Yl I \u^{x)\''dx<k|3-^'^+'\ 
,'—1 ^—1 ^ 



i=l i=l „ , , 

Bp{p) 
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Note that the trace does not depend on the choice of orthonormal 
basis {ui}. The arithmetic-geometric mean states that (det^pAp)fc < 
j^trppAp. This imphes that 

(5.3) < deippAp < (5-^^^^^+^) ^ p > Po- 

Note that for p, p' we have detp' Ap = det Up^pi , where the endomor- 
phism Up^pi is defined by Ap{u,v) = Api{Up^p'U,v). This imphes that 
detp Ap = 1 and 

(5.4) detp"Ap = (detp'/Ap/) (detp'Ap) . 
Applying this identity iteratively to (15.31) . we obtain 

(5.5) detf,,pAp</3-^'^^'+'^ Vp>po, 

for ah positive integers j. 

For a fixed orthonormal basis {gi} of K with respect to Ap, the 
growth condition (15. 2p implies that there exists a C > such that 

j \g.{x)\'dx<C{l + pY' Vp'>0. 
This implies that 

( f ] 

/ gi{x)gk{x)dx 



< detpApjp = det 



„kM 



< C" ^ (1 + P^p)''^^ < k\ C" I3^^^-'^ p^ 

with suitably chosen constants C, C" > 0. From this we conclude, 
using again (15.41) . 

(5.6) det^.pA, = (detpA^^p)-' > P'^''^ p^'^ . 

Combining (15. 5p and (15. 6p . we obtain for all fixed p> po and all positive 
integers j, 



k\ C" 

Since /3 > 1, the left hand side tends to infinity as j — t- 00, whereas the 
right hand side is a constant. This is the desired contradiction. □ 

Remark. The case considered in [Lll Lemma 28.3] is a Riemannian 
manifold {X,g) of polynomial volume growth, i.e., 

yol{Bp{p))<Cxil + pr Vp>0, 

and a vector space K such that each u & K has polynomial growth of 
degree at most D, i.e., there exists a constant > such that 

\u{x)\ < c„(l + dp{x))^ Vx G X. 
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This implies that 

I \u{x)\^dx < CxCu{l + pf^^^ Vp' > 0, 

JBpip) 

and Lemma \5. 3\ is applicable in this situation with M = 2D + p. 

Now we present the main result. 

Theorem 5.4. (see also |LiWl Theorem 4.2] for a more general situa- 
tion) Let {X,g) be a harmonic manifold of polynomial growth, po & X 
and D a positive integer. Let 

Hd{Po) ■■= e C\X) I = 0,3 ci,C2 > : |</.(x)| < c,+C2dp,{pf} 
Then dimHo{po) < oo. 

Proof. Assume that {X, g) is of polynomial volume growth of degree < 
/i. Henceforth, we fix the constants (3, S, po in Lemma [H75| in particular 
/3 = 2. 

Let Ti C Hci{po) be an arbitrary finite dimensional subspace, and 
denote its dimension by k. We will derive an upper bound on k. Recall 
that 

{f,g)p:= J f{x)g{x)dvo\{x) 

Bp(po) 

is a proper inner product for every p > 0, since a function / G "H with 
(/) f)p = would have to vanish on Bp^po). By the unique continuation 
principle for eigenf unctions (see |Aroj ) . this would mean / = 0. 

The remark above shows that inequality (15.21) is satisfied with M = 
2D + /i. By Lemma [5. 3 [ we can then find an r > po such that we have 
for all orthonormal bases {ipi} C "H with respect to {■,-)2r- 

(5.7) Ck = CY^ / ^]{x)dx<Y^ / ^]{x)dx, 

with C = 2- (2^+^+^). 

k ^ 

Since V^j is subharmonic, i.e., A(^ y9^) > 0, we can apply the 

i=i 

maximum principle and obtain 

k k 

Y,^]{x)dx < Y,^]{q) ■ vol(i?,(po)), 

for some q G dBr{po). Since {X,g) is harmonic, we have vol(-Br(po)) = 
yo\{Br{q)) , and we obtain 

k k 

J2v%^)d^ < ■ voi(5r(g)). 
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Choose an orthogonal transformation A & 0{k) such that the functions 

k k 

^Pi = J2aisfs satisfy V2('?) = ■■■ = ipkiq) = 0. Then f'jix) = 

s=l j=l 

k 

^ i'ji^x) for all X G X, and 



(po)) = vol(i?,(po))-^f(g) 



(5.8) = vol(5^(g)) • V'i(g) < / '^l{x)dx 

JBriq) 

JB2r{P0) 



/ aijanv9j(x)v9i(x)(ia; 

J B2r(Po) 



k 



^li / v'^j{x)dx = ^alj = l. 



(5.9) _ 

Here, we used the Mean Value Inequality (Proposition 15.21) in (15.81) . 
and orthogonality of the functions ipj with respect to (■, Oar in (15.91) . 

k 

Combining (15.71) with the inequality ^ / ip'j{x)dx < 1 just derived, 

J=lB,(po) 

we conclude that Ck < 1, i.e., k = dimU <1/C = 2"^°+^+^. 

Since 1-L C Hd^pq) was an arbitrary finite dimensional subspace, 
Hd{Po) itself must also be finite dimensional with dimension < 2^-'^+'^+''. 

□ 

6. Harmonic manifolds with h = are flat 

Recall from Corollary 12.81 that harmonic manifolds {X,g) with mini- 
mal horospheres, i.e., with h = {h denotes the mean curvature of the 
horospheres) , must have polynomial volume growth. In this chapter, 
we present the proof of the much stronger result, due to |RSh2] . that 
h = already implies that {X,g) is flat. 

The function fi, which we introduce in the following proposition, 
will play a crucial role in this proof. Let us first collect some general 
properties of this function. 

Proposition 6.1. Let {X,g) be a general harmonic manifold with den- 
sity function f{r). Then the function yu(r) = /(t"')^"''' satisfies the fol- 
lowing properties: 

(a) We have /.(O) = 0, /.'(O) = ^ /."(O) = 0, and /."'(O) = 

(b) We have fi{r) > 0, for all r > 0. 



22 GERHARD KNIEPER AND NORBERT PEYERIMHOFF 

(c) We have < /x'(r) < 1 for all r > 0. 

(d) We have —fj,"{r)fj,{r) < \, for all r >0. 

Proof, (a) Recall from |Wit Chapter 3.6] that 

/(r)=r"-i(l-^r2 + 0(0). 
bn 

By integration, we obtain 

r 



This implies that 

r 

/X ^ ^ 6(n+2)^ + C7^r J 

/(r) nr"-i i _ + ^(^4) 

r / Ric^ 2 ^/ Ric^ 2 ^/ 4 

n V 6 V"- n + 2j ^ ' 
r Ric^ o ^, ^, 

which allows us to read off the results of (a). 

(b) This follows immediately from /(r) > for all r > 0. 

(c) Choose a point po G X. It is straightforward to see that fj, 
satisfies the following differential equation 

(6.1) ^'(r) + :^(r)/i(r) = l, 

i.e., A{fiodpf^) = 1, which shows that fiodp^ is subharmonic. Applying 
the maximum principle to jj, o (ipQ, we see that the restriction of this 
function to any closed ball around po assumes its maximum at the 
boundary of this ball. But fj, o dp^ is constant along the boundary of 
any of these balls, and we conclude that 

fi'{r) > Vr > 0. 

On the other hand, using the above differential equation for n again, 
as well as {f/ f){r) > and /i(r) > 0, we obtain 

/' 

H'{r) = 1 - y(r)/i(r) < 1. 



(d) Rewriting f l6.ip . we obtain 
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and, consequently, using the fact that {f'/f){r) converges monotonely 
decreasing to h, 

. > (fy. . ^ -/i-(r)/i(r) - (1 - f^' jr)) f^' jr) 
This imphes that 

-/i"(r)/i(r) < (1 -^'(r))/i'(r). 
Since < /i'(r) < 1, we conclude that 

-/i"(r)^(r) < 1 

□ 

We will also need the following general fact. 

Proposition 6.2. Let {X,g) be a general harmonic manifold and po G 
X. Let ip G C^(X) be a function satisfying 

Aif = c, (p{po) = 0, 

for some constant c G R. Let g G C^(M) such that g o c/p,, = vrp,)(y9) = 
^ / V9(c^(r))(i6'po(ty). r/ien we have 



Sp^X 



g'{r) = cuir). 



Proof. Note that ^'(0) = v?(po) = and that g is even, since 7rpg(v9) is 
radial around po- Therefore, we have (y''(0) = 0. The function g satisfies 
the differential equation 

II / \ . f ir^ 11 \ 

9 [r] + -jj-^g (r) = c, 

i.e, 

f{r)g"{T) + f\T)g\T)=cf{r), 
which, in turn, transforms into 

U9')\r) = cf{r). 
Integrating over [0,r], and using f{0)g'{0) = 0, leads to 

□ 

From now on, we assume that (X, g) is a harmonic manifold with 
h = 0, i.e., all its horospheres are minimal. The main step in the 
proof of flatness is to prove that {X,g) is Ricci fiat. We will show 
that Ric"^ < would imply unboundedness of — from above, in 
contradiction to Proposition IG.lT d). On the other hand, we cannot 
have Ric"^ > 0, because this would imply compactness of (X, g), by the 
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Bonnet-Myers Theorem. But we only consider noncompact harmonic 
manifolds. 

Let V G 5'p(,X, and be the associated Busemann function with 
K{Po) = 0. Then 

Ab^ = h = 0, 
i.e., by is harmonic. This implies that 
(6.2) = 2||grad6^f = 2, 

and we can apply Proposition 16.21 with (p = b"^. Then the function 
g o := vrpg(6^) satisfies g'{r) = 2/i(r). Our next goal is to prove that 
the function g is a very special exponential polynomial. 

Proposition 6.3. g has the following properties: 

(a) g is an even function. 

(b) We have < g{r) < r^, for all r > 0. 

(c) We have < g"{r) < 2, for all r > 0. 

Proof, (a) Since T^p^ifP') is radial around Pq, g must be even. 

(b) < g{r) follows from g{Q) = bvip^Y = 0; = | Iq t^it)dt and 
n{r) > 0, for r > 0. Moreover, 

g{r) = — [ blicUr))<r^. 

'^n J Sj,nX ^ V ' 

(c) This follows from Proposition I6.ir c). □ 

The next proposition is a key ingredient for the proof that g is an 
exponential polynomial. 

Proposition 6.4. Let {X,g) be a harmonic manifold with minimal 
horospheres. Consider the vector space 

J" = {0 : X M I 3 c, ci, C2 > with A(f) = c, |0(x)| < ci + C2rfpo(x)^}. 

Then T is finite dimensional. 

Proof. We know from Theorem 15.41 that 

H2{po) = {0 : X ^ R I = 0,3 ci,C2 > with \^{x)\ < Ci+C2dp,{xf} 

is finite dimensional. The map $ : J-" — t- R, $(0) = A(f) is linear and 
ker$ = H2{po). Therefore 

dim < dimH2{po) + 1 < oo. 

□ 

Next, we introduce the concept of translation of a radial function. 

Definition 6.5. Let (p G C{X) be a radial function around Pq with 
(j){q) = F{dpf^{q)). The translation of (p to another point p E X is 
denoted by (pp and defined by 

Ml) = F{dp,Xq))- 
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We now consider the radial function — TTpgi^b"^). Then — go dp^ 
and (j)p = g o dp. From fl6.2p we conclude that 

A<j) = AnpM) = T^poi^bl) = 2. 

The translation of to any point p E X satisfies also 

A(f)p = 2, 

since A, applied to a radial function, is in radial coordinates indepen- 
dent of the centre. Using lOT b). we have, for all p G X, 

|0p(x)| < dpixf < (dpipo) + dp,{x)f < 2dp{poY + '^dp.ixf, 

which shows that (f)p G J-", for all p G X. 

Let 7 : M — 7- X be a geodesic with 7(0) = po. For a function 
ip G C°°(X), we define 7*^^ e C°°{R) via (7*^)(t) = ip{l{t)). Let J" 
be the finite dimensional vector space introduced in Proposition I6.4[ 
Then the vector space J-" = 7*J^ C C°^(]R) has also finite dimension. 

Note that (7 = 7*0 G -F. Let gs{t) := g{t — s). Then we have, for 
all s G M, = 7*07(s) G -F. Applying Proposition 12.61 we see that 
g is an exponential polynomial. From Proposition 16. 3[ we know that 
< < and that g is even. Therefore, we must have 

= cos(Q;jt) + t hj sin(/3jt) 

i=l i=l 



+ cos(7tt). 



with suitable constants ai,bi,Ci,ai, f3i,'ji G M. 

Since g"(t) < 2 by Proposition 16. Sf c). this simplifies to 

N 

g{t) = ttj cos(ajt) + ct^. 
1=1 

Differentiating g trice, we obtain 

1 1 ^ 

/^"W = 2^"'W = - J]«i«fsin(ait). 

Now, we assume that Ric^ < 0. Proposition 16 . 1( a) then tells us that 
/i"'(0) = ^^^^^^^ < 0, which implies that there exist 5, ro > such that 
f^"{^o) = —S < 0. Since fi" is a finite sum of sines, /i" is almost periodic, 
and there exists a sequence — )■ 00 such that //"(r-fc) = —5 (see, e.g., 
[Bohr] ) . This implies that — /i(rfc)/i"(rfc) = 6fi{rk) — 00, because of 

1 f(r) fir) 

lim — — = lim j. = hm = /i = 0. 

r^co jji[r) r->oo J {t)dt r^-xi f[r) 

But fi{rk)fi"{rk) —i- 00 is in contradiction to I6.ir d). This implies that 
X must be Ricci fiat. 
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Next, we consider the Ricatti equation 

f/:(r) + f/2(r) + i?„(r) = 0, 

where Uy{r) (a self-adjoint endomorphism on c'y(r)^ C Tc^(r)X) denotes 
the second fundamental form of the horosphere through c^(r), and 
centered at Cy{—oo), and R^{7-)(w) = R{;w , d^{r))c'^{r) is the Jacobi 
operator. Note that trf4(r) = {l\hy){cy{r)) = h = and, therefore, 
also trC/^(r) — (trC/y)'(r) — 0. This implies that, after taking traces, 

trU^{r) = -tr i?^(r) = -Ric^ = 0, 

i.e., U^{r) — 0, which imphes that C/y(r) = 0. Inserting this back into 
the Riccati equation, we end up with Rv{r) — 0, which shows that 
{X,g) is fiat, finishing the proof. 

Finally, we like to present another (very strong) criterion, which 
imphes flatness. For non-unit tangent vectors v e TX, let us define 
the corresponding Busemann functions by by :— \\v\\bv/\\v\\. 

Proposition 6.6. Let {X, g) he a harmonic manifold of dimension n. 
If the vector space 

span{6^ I V e TpX} 
is n- dimensional, then the map F : X ^ R", 

F{x)^{be,ix),...,be„ix)) 

is an isometry. In particular, {X, g) is fiat. 

Proof Let B := span{6^ | v G TpX}. Note that the map F : B ^ TpX, 
F{b) — grad b{p) is a bijection, since both vectors spaces B and TpM 
have the same dimension and F is surjective, because of grad bv(p) — 
—V. Let v,w & TpX. Since 

F{by + by,)^-{v + w)^ F{by+^), 

we conclude that by^^ = by + byj. 

Let q e X. It is sufficient to show that DF{q) : TgX ^ is a 
linear isometry. Note that 

DF{q){w) = ( (grad 6ei(g),w),..., (grad 6e„(g),w)). 

We first show that 

(6.3) (grad (g), grad (?)) = (^^1,^2) ^ vi,V2 G TpX, 

using by^+y^ — by^ +by^. Note that ||6^(q')|| = \\v\\ for all v e TX. Using 
both facts, we obtain 

lki + ^^2||^ = (grad 6^1 +^2 (g), grad +^2(5)) 

= (grad by^ (q) , grad by, (q)) + (grad by^ (q) , grad by^ (q)) 

+ 2{gTadby,{q), gvadby^{q)) 
= \\vif + \\v2f + 2{gmdby,{q),gmdby^{q)). 
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This shows (I6.3p . Therefore {gradbe-lq) \ 1 < i < n} are an orthonor- 
mal basis of TqX. This imphes that 

n 

\\DF{q){w)r = J](grad6e,(g),«^)' = M'. 
1=1 

□ 

Remark. It is tempting to use Proposition \6.6[ to cook up an alter- 
native proof of the fact that h = implies flatness of {X,g). But our 
attempt to do this, falls short. Nevertheless, let us see, how far we get: 
In the case h = 0, the harmonic manifold {X, g) has polynomial growth, 
by Corollary \2.8\ . Moreover, we have A6„ = 0, and therefore 

span{6^ I V E TX} C Hi{po). 



Theorem 5.4 tells us that this span is finite dimensional. In view of 
Proposition 1 6. 61, we would like to show that 

dim (span{6i, | v G TpX}) = n. 

But we do not know how to derive such a precise result on the dimension 
of this space. 



7. Special eigenfunctions of geodesic spheres 

Let {X, g) be an arbitrary harmonic manifold with reference point 
Po- Ranj an/Shah introduce in |RSh2j an interesting family of functions 
ipv on X \ {po}- It turns out that these functions, restricted to the 
geodesic spheres Sr{po), are eigenfunctions of the Laplacian A^^'^'p^'^ for 
all radii r > 0. These eigenfunctions have just two nodal domains, 
both with half the volume of Sr{po), and it is natural to assume that 
(p.u are eigenfunctions to the smallest non-trivial eigenvalue of A^'"^°'> 
(see |RSh2t p. 690, Remark (iii)]). But there is currently no proof of 
this assumption. 

We first define Wpf^{q) G Sp^X by 

exppg{dpg{q)wpg{q)) = q, 

where dp^^q) = d{po,q). 

Proposition 7.1. (see |RSh2|. Section 4]) For each v G Tp^X , let ipy : 
X \ {po} M. be the function 

^v{q) = {v,Wp{q)). 

Then the restriction of ip to the geodesic sphere Sr{po) C X is an 
eigenfunction of the Laplacian A^''^p\ The corresponding eigenvalue is 

-(£)'(r)>0. 
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Proof. Let 7 : (— e, e) — )■ X be a smooth curve with 7'(0) = f G Tp„X. 
Then we have 

d,(7(s)) = (gradrfg(p),7'(0)) 

s=0 



(is 



Using 
(7.1) 



Af (F o d,)(g) = F" o d,(g) + (^^ F'^ o 



and the chain rule, we conclude 



A^¥^.(g) 



This implies 



as 



s=0 



(is 



s=0 



^.(7(.)) ) - 

L 
f 



s=0 



A^(^,(g) 



Since the radial derivatives of (pv{q) with respect to the the centre po 
vanish, we have for all q G ^^(po) 

A^^,(g) = A^^(P«)^,(g), 

i.e., 



A^^(^«)^.(g) - (^^^ 



r)^v{q) = 0. 



□ 



Remark. Let {X, g) be a harmonic manifold of dimension n with ref- 
erence point pq. 

(a) The eigenspace E 0/ A'^'''-^''^) to the eigenvalue — {^j^ (^) ^'^■s 
dimension > n. This follows from the fact that the map Tp^X — )■ £, 
V i-^ is linear and injective. 

(h) We have the asymptotics —{^)'{r) — )■ as r — 00, see Chapter 

^ It would be interesting to find out whether —{^)'{r) > is the 
smallest non-zero eigenvalue of Sripo). 

(c) After the canonical identification of Sr{po) with Sp^^X via the ex- 
ponential map and pullback of the Riemannian metric on Sr{po) C. X , 
we obtain a family of Riemannian manifolds {Sp^X,gr) such that the 
Laplace eigenfunction (fy is a spherical harmonic of degree 1. In gen- 
eral, it is unlikely that spherical harmonics of higher degree are also 
Laplace eigenf unctions, but these spherical harmonics can be used to 
obtain orthonormal bases of the Hilbert spaces L'^{SpgX, gr) , r > 0, 
since the Riemannian measures of {Sp^X, gr) are multiples of the Eu- 
clidean measure of Sp^X C Tp^X (viewed as a round unit sphere). 
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Let {X,g) be a harmonic manifold and v G TpX. Consider the 
function (p^ : X ^M. defined by 

^viq) = {v,Wpq) 

where q = cxpp(d(p, q)Wp{q)). Since in the radial direction the function 
is constant we have for q = c^(r): grad<^„(g) G TgSd(p,q){p)- We want 
to calculate the gradient of (fy-. 

Take a curve a : (— e, e) — >■ SpX with a{0) — w. Then 



This implies 



grad(/?^(?), ^ 



"a(.)(r) 



s=0 



9_ 

9s 



a(s) 

=0 / p 



Let be orthonormal Jacobitensor along Cyj with ^^,(0) = and 
A'^{0) = id . Then det(yl^(r)) = /(r) and 



grad(fiy{q),A„{r) 



d_ 

ds 



s=0 ' q 



d_ 

ds 



a{s) 

s=0 / p 



and therefore 



Al{r) grad(/?^(g), 



d_ 
ds 



ays] 

s=0 ' p 



d 



ds 



a{s) 

s=0 I p 

= {v-{v,w)w,-^ 



a[s , 



s=0 



Since this holds for all ^\g^QO£{s) we have 



(7.2) 

and 



Al^{r) grad (py{q) - {v, w)w 
5rad99^(g) = {A*^{r))~^{v - {v,w)w). 



This yields 

II grad (^^(g) IP = {A-^{r){Al,{r))-^{v - {v,w)w),v - {v,w)w). 
Since cpv is eigenfunction with A^'"^^(py — {^{r))(pv, we have 



/ ||grad(/7^|pd//^ / A^^^^(p^{q)(p^{q)diir{q) 

Srip) Srip) 



Srip) 

On the other hand 



/ 'Pliq)di^r{q) 

Srip) 



J 



J fld/ir^ J {v,w)^f{r)d0p{w) ^ f{r)^^^{v,v) 



Srip) 
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and 

II gradv^^f rf/i^ = /(r) J {A*^A^,y'^{r){v-{v,w)w),v-{v,w)w)d9p{r) 

Sr (p) SpX 

implies 

= ^ / {iKA.ny\r){v-{v,w)w),v-{v,w)w)dep 

SpX 

for all V G TpX. Define the symmetric endomorphism 

«(r)A^(r))-i(M) iiu±w, 



We obtain the identity 



if u G spa.ia{w}. 



^ j {HUr)v,v)dep{w) = -(^^^ {r){v,v). 

SpX 

Since both sides are symmetric linear forms, we conclude that 



and 

X 



n 



j H^[T){-)d9p{w) = - (^j^ (r)idT,; 



Using the arithmetric-geometric mean, we have 

(T.4) [j^^ "'^ = det (i/.(r)L,)^ < ^^trH^^r). 

Taking traces in (17. 3p 

j trH^{r){-)dOp{w) = -n(^j^ (r), 

SpX 

and using fl7.4p yields the inequality: 

n{n-l) f f 1 , , / ff'\\ N 

' ' ' ci^p(w) < -n ( ^ ) (r). 



SpX 

Therefore 



/n-i(r) V/ 



or equivalently 
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(7.5) (^_i)<_/^(,)(^z;^ (,). 

The density function /(r) of every noncompact harmonic space 
satisfies the differential inequahty fl7.5p . In cases /(r) = r"~^ or 
/(r) = sin/i"'~^(r) we have equahty in (17. 5p . 



Proposition 7.2. The eigenvalue — (r) of the Laplacian on ge- 
odesic spheres of radius r tends to zero as r tends to oo. If — (r) 

tends to zero on an exponential rate, the volume growth of {X, g) is 
purely exponential. 

Proof. The first assertion follows from (14.30 since 

/ f'V f" iff 

lim I — - (r) = lim — (r) -pri"^) = 0- 

J J ''■^'^ J 



r— >oo 



To prove the second claim consider the function a : [0, oo) — t- [0, oo) 
defined by /(r) = e^'^a[r). Since 

T V = ]^rT~\ = ^ + ~ v , 



we have 

Since is monotonically decreasing and converging to h, ^(r) is 

monotonically decreasing and converging to 0. If — (r) tends to 

zero at an exponential rate we have constants c > and tq > such 
that 

-4^ (r) < e-"' 



f 

for all r > Tq. Hence, for r > tq we obtain 



and therefore 



00 

— (r) = / e'^'^'ds = -e~ 
a I c 



n(r) 1 1 



which yields the second assertion. □ 
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8. An INTEGRAL FORMULA FOR SUBHARMONIC FUNCTIONS 

Let {X, g) be a harmonic manifold. Our main goal in this chapter 
is an explicit integral formal for the derivative of harmonic functions 
which was first presented by Ranjan and Shah in |RSh2l Theorem 2.1]. 
Their formula generalises to sub- and superharmonic functions. We 
present a derivation in this more general setting. Our derivation differs 
from the proof in jRSh2] . 

Assume u G C^(X) is subharmonic (i.e., Au > 0). We present the 
derivation in this case. The subharmonic case is derived by replacing u 
by —u. Let ip = u ■ ipv and q = Cw{r) for a suitable choice of w G SpX 
and r > 0. Then 

^^(9) = ■^u{cUr)){v,w) + ^{r)—u{Cy,{r)){v,w) + A^^^P\u-ip,){q) 

> -(A^'-(P)M)(g)(^,(g) + A^'-(f)(M ■ ^,){q). 
Integrations over Sr{p) yields 

rf2 f 

Atp{q)dnr{q) = fi^)-^ j u{c^{r)){v,w)d9p{w) + 

SpX 

d f 

+ /'('")^ / u{c^{r)){v,w)dep{w) 

SpX 

> J {A'^^P^u){q)-ifMdf^r{q) 

Sr(p) 

ir)'^v{q)dfir{q) 



Srip) 



-fir){-F)\r) I u{c^{r)){v,w)d9p{w). 



Srip) 

SpX 

Introducing 5f(r) = / u(c^(r))(f, w)(i^p(tf), we obtain 



/(r)/(r) + nr)g'ir) + /(r) ( ^) {r)g{r) > 0. 



/ 



Since / > 0, we can divide by / 



9"ir) + ^ir)g'{r) + f{r) (^^^ {r)gir) > 0, 



and simplify the result to 



1) g"{r) + [ i^g) (r) > 0. 
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We have the initial conditions 

g{Q) = u{p) [ {v,w)depiw) = 



and 



^'(0) = I {gTa.du{p),w){v,w)d6p{w) = —{gTadu{p),v). 



Next, we integrate (18. ip over [0,r] and obtain 

g'ir) - g'iO) + (^g) (r) - (^g ] (0) > 0. 

Since 



hm ( ^g] (t) = hm ^^g{t) = {n - 1) hm ^^^^ 



y f J t^o t t^o t 



Tl — 1 

(n - 1)5''(0) = uJn{gTadu{p),v), 



we conclude 



g'ir) + { ^g] (r) > ng'{0) = a;„(gradu(p), i;). 



Multiplying by / > 0, we obtain 

ifgYir) = {fg){r) + {fg){r) > UJn{gT&du{p),v)f{r). 
Integrating, again, over [0,r] and using /(O) = = g{0) leads to 

r 

{fg){r) = {fg){r) - ifgm > Un{gmduip),v) [ f{t)dt, 



I.e. 



/(r) [ 

{gicidu{p),v) < / u{cw{r)){v,w)ddp{w) 

^njf{t)dts^x 





1 



vol(5,(p)) 

Sr{p) 



u{q)ipy{q)diXr{q)- 



This proves the following result: 



Theorem 8.1. Let {X,g) a harmonic manifold. If u is subharmonic 
on X (i.e., Au > 0) and v G TpX , then 



{gradu{p),v) < [ u{q)^^{q)d^r{q) 

Yo\[Br[p)) J 

Sr{p) 



for all r > 0. 
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Corollary 8.2. Let {X,g) be a harmonic manifold with subexponential 
volume growth. If u is subharmonic with sublinear growth, then u is 
constant. 



Proof. We conclude from Theorem 12.71 and the fact that /(r) > that 

/(r) = ar" + o(r") as r — )• oo, 

with an appropriate a > 0. This implies that we have for a suitably 
large i?o > 0, 



j f{s)ds > % 



V r > R 



0; 



and 

f{r)r 



<C ^r>Ra 



f{s)ds 

with an appropriate C > 0. Subexponential growth of u implies 

— — > as dip, X) — > oo. 

d{p, X) 

Consequently, we can find for every e > an i?i > such that 

\u{x)\ 



d{p, x) 



< e, 



for all a; G X with d{p, x) > Ri- Using Theorem 18 .Ij we conclude that, 
for all r > ma.x{RQ, Ri} and all v G SpX, 

fir) 

(grad'u(p), t>) < — er < Ce. 

ff{s)ds 



Since e > and v G SpX were arbitrary, this shows that gradM(p) = 
for all p G X, i.e., m is a constant function. □ 

Remark. Let {X, g) be a harmonic manifold. 

(a) If u is a harmonic function, then is subharmonic: 

Au^ = u ■ An + An ■ n + 2(gradM, gradn) = 2|| gradwlp > 0. 

(b) A similar argument shows for arbitrary harmonic manifolds {X, g) 
(also those with exponential volume growth) that if u is subharmonic 
(i.e.. An > 0) with linear growth, then || gradnH is a bounded func- 
tion. Examples of those functions are Busemann functions by{q) = 
limt^oo d{q, c„(t)) —t. In this case we have A6^(g) = h > (h denotes 
the mean curvature of the horospheres) and || grad6i,(g) || = 1 for all 
qeX. 

(c) If all horospheres of X are minimal, i.e., h = 0, then all Buse- 
mann functions are harmonic functions with linear growth. Moreover, 
X has polynomial volume growth, by Corollary \2.8\ . This shows that 
Corollary \8.^ is sharp. 



NONCOMPACT HARMONIC MANIFOLDS 



35 



9. Special harmonic functions 

Based on their eigenf unctions on geodesic spheres of harmonic 
manifolds, Ranjan/Shah introduced in |RSh2t formula (4.1)] interesting 
harmonic functions, denoted by h^. In the case of harmonic manifolds 
with subexponential growth, these functions hy have linear growth. In 
the case of harmonic manifolds with exponential growth, the functions 
hy are bounded. These functions can be used in the latter case to 
construct a diffeomorphism from the harmonic manifold {X, g) of di- 
mension n to an n-dimensional Euclidean open ball (see Chapter [TOj) . 
Moreover, this diffeomorphism is a harmonic map (see |RSh2t p. 690, 
Remarks (i,ii)]). 

Theorem 9.1. Let {X,g) be a harmonic manifold of dimension n and 
V G TpX . Then the function 

j f(s)ds 

with fi{r) = ° j,^^^ is harmonic. 

We have seen earlier in the proof of flatness of noncompact harmonic 
spaces with h = that the function fi played a crucial role. 

Proof. Using (17. ip . the fact that ip^ is a Laplace eigenfunction on geo- 
desic spheres, and grad(/i o dp) _L grady^t,, we obtain 

f 

+ f^{dp{q)) (Jj^ {dp{q))^y{q), 

i.e., 

Ah,{q) = {^^"{dp{q)) + (^ji^ {dp{q)) 

= Vv{.q) + jlJ^ °dp{q). 

Therefore it suffices to show that /i' + y/x is constant. This follows 
immediately from 

f{rf-]-f{s)dsf'{r) 

1 / , 



AhM = {pi"{dp{q)) + Udpiq))fi'idpiq)))MQ) 



(9.1) /i'(r) = 'j--^ = 1 - ^(r)/i(r). 

f{ry f 



□ 



Remark, (a) If {X,g) is a harmonic manifold with subexponential 
growth, we have ^"^^^"^^ — ). 0. Similar arguments as those in the proof 
of Corollary \8.^ show that then jj,{r) = 0{r), as r ^ oo, i.e., 
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is bounded and has linear growth. (We have already seen that a 
harmonic manifold with subexponential growth must be flat. But we 
like to stress that the growth behaviour of can be derived without this 
much stronger result.) 

(b) If{X, g) is a harmonic manifold with exponential growth, we have 

If(')d' /(r) 1 

(9.2) lim fi{r) = lim ° = lim — — = -, 

r— ^oo r^oo tir) r—>-oo J (r) h 

where h > denotes the mean curvature of the horospheres of X . In 
this case, hy is a bounded harmonic function. 

We end this chapter with the following straightforward observation. 

Lemma 9.2. Let {X,g) be a harmonic manifold, u G C°°(X) be a 
harmonic function and r > with 

(9.3) u\s,(p) e span{v9^,|^^^p^ | v E TpX}. 

Then there exists a vector v G TpX , such that we have u = h^. 
Proof. By the assumption (19.31) . we can find constants G M such that 

n n 

= l^i.r)(^iVe, = fJ'{r)<f" ■ Letv = J2 Then 

■i=l 

and hjj — u is harmonic. By the maximum principle, h^ — u vanishes on 
the closed ball Br{p). By the unique continuation principle (see jAro] ) . 
we conclude that — u = 0. □ 

10. Ball model of a noncompact harmonic space 

Let {X, g) be a simply connected, noncompact harmonic manifold of 
dimension n with h > 0, p E X and v G TpX. Recall from Theorem 
ED that 

K{q) = n{d{p,q)) ■ {v,Wp{q)), 

Jfis)ds 

where Wp{q) G SpX,q = expp{d{p,q)wp{q)) and /i(r) = ° ^^^^ . More- 
over, we have fi(0) = and /i'(0) = limyu'(r) = 1/n (see Proposition 

r— >0 

16. ip . Since 

/ii,(expp(rw)) = ii{r){v, w) V w G SpX, v G TpX, 
we have hy{p) = 0, and is differentiable in p with 



d 



{gr&d hy{p),w) = — hy{exp {tw)) = Mm {v,w) 



dt 

IJ,'{0){v,w) = -{v,w), 
n 
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i.e., gradhy{p) = ^. For q p, we have 

gmdh^{q) = fi'{d{p,q))ipv{q) graddp^q) + fi{d{p,q)) -gYadip^iq). 
From (17. 2p we deduce 
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gradipy{q) = A. 



Wp{q)\ 



[V — (V 



,Wpq)Wpq) e TgSrip), 



where r = d{p, q). Moreover, we know from Theorem 19.11 that A/i^(g) = 
0. 

Let Op be the set of all orthonormal bases of TpX and Ep = (ei, . . . , Cn) G 
Op. Define 

FeM) = (/iei(g),---,^e„(g))- 

Theorem 10.1. For all Ep E Op, the map 

is a harmonic map and a diffeomorphism. 

Proof. is a harmonic map since all its component functions are 
harmonic functions. The proof that Fep is a diffeomorphism proceeds 
in two steps. 

Step 1: Fe is a bijection, i.e., for every y G Bi{0) there exists a 
unique g G X with FEp{q) = y. We have to solve 

FEpiq) = {he,{q),...,he^{q)) = {yi,...,yn) 

= f^{d{p, g))((ei, Wp{q)), . . . , (e„, Wp{q))) 

n 

This implies "^yf = fi'^{d{p,q)), i.e., \\y\\ = fi{d{p,q)), which defines 

i=l 

^J'{d{p,q)) uniquely since fi : [0, oo) — > [0,-^) is a bijection (/i(0) = 0, 
n'{r) > by the Strong Maximum Principle (see the proof of |RSh2^ 
Lemma 4.1]), /i(r) — )■ ^ for r — )■ oo (see (19.21) )). Furthermore 



Viei 



( 



and q = exp 



Viei 



\ 



d(p,q) 



J 



Step 2: DFE{p){q)w = for w G TgX implies w = 0. The assumption 

DFE(p)iq)w = {{gr ad he^{q),w), . . . , (grad/ie„(g), w)) = 
implies that {gTadhe.{q),w) = for all i. This, in turn, implies for all 
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= j:a.(,r^kM = 5:a.gradftJ,)... 

1=1 \ i=l 

= (gmd hj2 a,eA(l), w) , 

since a straightforward consequence of the definition of is 

(q) + A2/i„2(g) = fJ^{d{p, q)) ■ {XiVi + X2V2, Wp{q)) = hx {<!)■ 

Thus we conclude that {grad hy{q) , w) = for all v G TpX. Using the 
above formula for the gradient of h^, we obtain for all v G TpX: 

(/i'(c^(p,g))v^^,(g)graddp(g) +iJ,{d{p, q)) grad^pj^,w) = 0. 

Next, we write w G TqX as 

w = {w,gTa.ddp{q)) graddp^q) +w' 

' V ' 

(T,5.(p))i 

with w' G TqSrip). This implies 

(10.1) = /i'(d(p,g))v9„(g)(w,graddp(g)) 

+ g))(grad(y9^(g),M;') M v eTpX. 

Recall that we have 

grad(^^(g) = Al^^^^-^{r)-^ {v - {v,Wpq)Wpq). 
Choose V = Wp{q), i.e. v — {v,Wpq)wpq = 0, i.e. gTa.dipv{q) = 0. Then 

= fi'{d{p,q))ipy,^^g){q){w,gTaddp{q)). 
Since ^wp(q){(l) = {Wp{q),Wp{q)) = 1 and fi'{d{p,q)) > 0, we obtain 

(10.2) {w,graddp{q)) = 0. 
This implies together with (110.11) that 

(10.3) = /x(rf(p,g))(grad(^,(g),«;') ^veTpX. 

For V G {wp{q))-^ we have gradv9t,(g) = {Al^^^q){r))~^{v), and since 
(^«)p(g)(^))^^ : (wp(g))^ — i- TqSrij)) is an isomorphism, we can realise 
every vector in TqSr{p) as grad ip^^q), in particular we can find v G TpX 
such that t/;' = grad(y9^(g). Putting this into (110. 3p yields 

= fi{d{p,q)){w',w'), 
>o 

i.e., w' = 0. Equation (110. 2p and w' = imply that 

w = {w,g;raddp{q)) gTa.ddp{q) + w' = 0, 
=0 

finishing the proof. □ 
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Remark The above proof can be simplified by using the Cartan- 
Hadamard Theorem: Since X is simply connected and has no conjugate 
points, the map expp : TpX — i- X is a diffeomorphism. We can view 
Fe as a radial rescaling of the inverse exponential map, followed by a 
canonical identification of TpX with via the basis ei, . . . , e„. 

Next, we calculate Fe^ in the case of the hyperbolic plane. We realise 
the hyperbolic plane as the Poincare unit disk D = {2; G C | < 1} 
(see Figure [2]) with metric 

4((ia;2 + dy^) 



\z 



2\2 



.^0 



X 



Poincare unit disk 



Figure 2. The Poincare unit disk model of the hyper- 
bolic plane 



Let 2; G D and \z\ = r < 1. Let c : [0, r] — )■ D be the curve c{t) = t-Zo 



with Zo = |f| G 5^. Then 



and 



doiz,0) = / \\c'it)\\xdt = 2 



1-^2 



l-t2)2 



arctanh(r) 

dt = 2 / cosh^ u(l — tanh^ u 





arctanh(r) 

2 J du = 2arctanh(r) 
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,2 



using the substitution t = tanh(M), which imphes dt = {1 — tanh u)du 

1 

cosh'^ u ' 



and 1 — t'^ — 1 — tanh^ u = — h-. Note that f{t) = sinh(t), i.e., 



cosh r — 



sinhr 

Let p = G © and Ep = {61,62}, where Cj is the standard basis in 
M2 ^ C. Note that h=l. Then 

F = Fe^ :©->5i(0) = fii(0) 

is given by F{z) = fj,{dD{0,z)) ■ Since do{0,z) — 2arctanh(r) for 
2; e D with \z\ — r, we obtain 

cosh(2arctanh(r)) — 1 



ljL(dTa(0, z)) 



sinh(2arctanh(r)) 
cosh^(arctanh(r)) + sinh^(arctanh(r)) - 
2 sinh(arctanh(r)) cosh(arctanh(r)) 
sinh^ (arctanh (r ) ) 



This imphes that 



sinh(arctanh(r)) cosh(arctanh(r)) 



z 

F[z) = r ■ - — z, 
r 



— r. 



i.e., the model of the hyperbohc plane obtained via the harmonic map 
F is the Poincare unit disk, as we would have expected. 

11. The Busemann boundary 

Let (X, g) be a noncompact complete Ricmannian manifold and p G 
X fixed. Define : X ^ C{X), where BP{y) = 5^ : X ^ M is given 

by 

Bl{x) = d{y,x) - d{p,y). 

Lemma 11.1. Assume that C{X) carries the topology of uniform con- 
vergence on compact sets. Then B^ : X ^ C{X) is injective and 
continuous. Furthermore, Bp{X) is compact in C{X). 

Proof. Consider y,y' e X such that B^ — B^,. This implies 

d{x,y') - d(y',p) = d(x,y) - d(y,p) 

for all X & X. In particular, ior x — y and x — y' we obtain 

d(y, y') = d{y\ p)-d{y,p) and - d{y', p) = d{y, y') - d{y, p) , 

and therefore y') = 0, which shows injectivity. 

To show that B^ is continuous, we have to prove that, for each 
sequence y„ converging to y, the sequence B^^ converges uniformly on 
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compact subsets to B^. The continuity of d implies that B^^ converges 
pointwise to By. Since 

\BPy{x)-BPy{x')\<d{x,x') 
the family B"^^ is equicontionous and by Arzela-Ascoli converges uni- 
formly on compact subsets. Since Bp{X) is a Frechet space, it is metriz- 
able and we only have to check sequential compactness. Let B^^ be 
an arbitrary sequence. Since < d{x,p) is bounded on com- 

pact subsets independent of y, Arzela-Ascoli implies the existence of 
a subsequence converging uniformly on compact sets to a continuous 
function /. □ 

Definition 11.2. The set Bp{X) is called the Busemann compactifi- 
cation and d^X := Bp{X) \ Bp{X) is called the Busemann boundary 
with respect to p. Using the bijection B^ : X ^ Bp{X), a sequence 
Un & X converges to ^ & the Busemann topology^ iff B^^^ 

converges to ^ uniformily on compact subsets. 

Note that the point p is only a normalization (i.e., all functions 
/ G Bp{X) satisfy f{p) = 0), and the convergence of a sequence is 
independent of the choice of p. More precisely, if p' is another point, 
we have 

- B^^ix) = d{y,p') - d{y,p) = B^p'). 
Hence, for a given sequence ?/„ G X, the functions Bp^ converge uni- 
formly on compact sets to ^ if and only if the functions = Bp^ — 
BP^{p') converge uniformly on compact sets to ^ — Hp'). 

Note also that ?/,„ — > ^ G <9^-^ means necessarily that d{p, yn) — ?■ oo: 
If yn would have a subsequence yn^ with d{p, yn^) < C for some C > 0, 
then a subsequence of ynj would be convergent to a point y & X. 
Uniqueness of the limit would imply Bp^ — )■ Bp, uniformly on compact 
sets, but BP ^ 

If {X,g) has no conjugate points, the Busemann boundary &^X can 
be represented via Busemann functions. Let be the stable Jacobi 
tensor along c^ as defined in Lemma 13. 1[ The corresponding unstable 
Jacobi tensor 11^ along is given by Uv{t) = S-v{—t). We say that 
{X, g) has continuous asymptote if the stable solution v S'(,(0) of the 
Ricatti equation is continuous. Let us mention some important results 
for manifolds without conjugate points (see |Kn2t Satz 3.5] and |Zi3l 
Lemma 4.3]). 

Proposition 11.3. Let {X,g) be a complete, simply connected Rie- 
mannian manifold without conjugate points. For v G SX consider b^^t '■ 
X — )■ M, defined by bjj^t{x) = d{x,Cjj{t)) — t. Then by{x) = lim b^^ti^) 

exist and defines a function on X. The functions gradfo^^^ converge 
to gradfo^ in C{X), i.e., the convergence is uniformly on compact sets. 
Furthermore, gradfe^, is Lipschitz continuous. 
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// {X,g) has continuous asymptote, then the map b : SX CiX) 
with V ^ is continuous. 

Remark For a proof of the first two properties in Proposition 111.31 
above under the additional assumption of a continuous asymptote see 
[Est Prop. 1 and 2]. Note that noncompact harmonic manifolds have 
continuous asymptote (see Ranjan and Shah |RSh3j or Zimmer |Zi3t 
Lemma 5.4]). 

The following proposition is due to Zimmer |Zi3t Prop. 2.11 and 
Lemma 4.5]. For convenience we provide a proof. 

Proposition 11.4. Assume that {X,g) is a complete, simply connected 
manifold without conjugate points such that the map b : SX C{X) 
is continuous. Then the following properties hold. 

(1) The sequence converges uniformly on compact subsets of 
X X SX to b^{x). 

(2) Let d^X be the Busemann boundary of X with respect to po G 
X . Then, for any p E X the map {p^° : SpX — > d^'X with 
(p^°{v) := bv — bv{po) is a homeomorphism. 

(3) A sequence yn = expp{tnVn) G X with f„ G SpX and tn > 
converges to a point ^ e ff^X if and only if tn — )■ oo and 
there exists v G SpX with f„ — )■ f . In particular, ^ is given by 
bv - bv{po). 

Proof. (1) From the triangle inequality, we obtain for all v G SX and 
X E X that by^t{x) < b^^s{x) ii s < t. Since the map — j- is 
continuous, Dini's theorem implies that b^^tix) converges uniformly on 
compact subsets of X x SX to by{x). 

(2) Proposition 111.31 implies that ip^° is continuous. To show surjectivity 
assume that 5^° converges to ^ G d^X. Define f„ G SpX and t„ > 
such that Cv„(tn) = Vn- Then 

^yn(^) = d{x,c^M) - d{c^M,Po) = K„,t„{x) - K,tAPo)- 
By passing to a subsequence if necessary, we can assume that f „ con- 
verges to f G SpX. Recall that t„ — )■ oo. Because of (1), the right hand 
converges to ^ = 6^, — by{po). This shows that (pP° is surjective. The 
map is also injective since (Pp°{v) = ip^°{w) implies —v = gra.dbv{p) = 
gradbwip) = Therefore, ip'P° : SpX — d^^X is continuous and 

bijective and, since SpX is compact, (f^° is a homeomorphism. 

(3) Let yn = expp(tnVn) G X with f„ G SpX and > be a se- 
quence. Assume that ?/„ converges to ^ G d^X, i.e., Bp° converges to 
^ = by — byij)^) for some v G SpX. Since d{yn,p) oo, we know that 
t„ — > oo. As above we have 

^yn(^) = d{x,CyM) - d{Cy„{tn),Po) = K„,t„{x) - &^,„,^„(po)• 

If f„ 7^ f , we would have a subsequence of f„ converging to w G SpX 
with w ^ V. But then, following the arguments in (2), this subsequence 
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would converge to 6^ — bw{po), violating the injectivity of the map 
(p^°. Conversely, if f„ — )■ f and t„ — )■ oo, (1) implies B^'^ = K„^t„ — 
bv„,t„{po) K — bv{po) ='■ uniformily on compact subsets of X. □ 

12. Visibility measures and their Radon-Nykodym 

derivative 

Let {X,g) be a noncompact, simply connected harmonic manifold 
of dimension n. We choose a reference point po & X and define 
dsX := d^'X. For any other point p G X, we know from Proposition 
111.41 that the map (p^° o {(p^)~^ : dsX — )■ d^X is a homeomorphism, 
identifying both Busemann boundaries in a canonical way. Moreover, 
the homeomorphisms ip^" : SpX — d^X motivate the following defini- 



Definition 12.1. Let AiiidsX) denote the space of Borel probability 
measures on the Busemann boundary ObX. For every p e X , we define 
/Xp G Mi{dBX) via 



where Un is the volume of the {n — 1)- dimensional standard unit sphere 
and dOp is the volume element of SpX induced by the Riemannian met- 
ric. 

We call fip the visibility measure of {X, g) at the point p. 

We will see that any two visibility measures G J^i^dsX) are 

absolutely continuous, by calculating their Radon-Nykodym derivative 
via a limiting process. This needs some preparations. 

Lemma 12.2. Let {X,g) be a noncompact simply connected harmonic 
space. For all p,q & X there exists a t{p, q) > such that for all 
t > t{p, q) and all v G SqX the geodesic ray : [0, oo) — X intersects 
St{p) in a unique point Ft{v) (see Figure l^. In particular, the map 
Ft : SqX — > St{p) is bijective. 

Proof. Let a{t) be as in Corollary 13.41 . Choose to such that for all 
t >to we have 2d{p, q) < a{t). Define 



In particular, q lies in the ball of radius t around for all t > t{p, q), 
and hence for all v G SqX the geodesic ray Cy : [0, oo) — )• X intersects 
St{p). Let t > t{p,q), and assume that q' = c^(ti) is the second inter- 
section point. Let w G SpX be the unique vector such that Cwit) = q'. 
Since Cyiti) either points into Bt{p) or is tangent to St{p) we have 



tion. 




t{p, q) = max{d{p, q) + 1, to}- 



Z(c,(ti),c„(t)) > 7r/2. 
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Ftiv) 




SqX 




P 



Figure 3. Illustration of the map Ft : SgX St{p) 



Using the triangle inequality we obtain 

t - d{p, q) < ti < t + d{p, q) 
Using Corollary 13.4^ we obtain for all s > 

d{c^{ti — s), Cw(t — s)) > a(s)7r/2. 
In particular for s = t this yields 

a(t)7r/2 < didh - t),p) < d{c,{h - t), q) + d{q,p) < 2d{p, q) < a{t), 

which is a contradiction. Hence, a second intersection point cannot 
occur. □ 

Proposition 12.3. Let {X,g) be a complete, simply connected non- 
compact manifold without conjugate points and p,q & X . Consider the 
map Ft : SgX — > St{p), where Ftiv) is the first intersection point of the 
geodesic ray : [0, oo) — )■ X with St{p)- If q is contained in the ball of 
radius t about p, this map is well defined. Then the Jacobian of Ft is 
given by 

JacFM - detA(rf(g,F,(t;))) 

{N,{Ft{v)),Ng{Ft{v))y 

where Nxiy) = {graddx){y) and is Jacobitensor along Cy with Av{0) = 
and A'^{0) = id. Note that we have detAy{s) = f{s) if {X,g) is har- 
monic. 

Proof. Choose a curve 7 : (— e, e) — > SgX with 7(0) = f G SgX. Then 
Fi(7(s))=exp^(rf(g,Fi(7(s))-7(s)), 
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and, using the chain rule and the product rule, 
DFt{v){m) = 

Deiq)^{d{q,Ft{v))-v){{N,{Ft{v)),DFt{v)m)v + d{q,F^{v))-m)- 

Note that 7(0) ± v. 
We have 

De:K.pg{tv){tw) = Y{t){w) = J{t), 

where Y is the Jacobi tensor along Cy with Y{0) — and Y'{0) — id, and 
therefore J is a Jacobi field along c satisfying J(0) = and J'(0) = w. 

Note that Y and are related hy — Y ^ ' particular, we have 

Dexpg{tv){tv) = tDexpg{tv){v) = tc'^{t). 

This yields 

DFt{v){m) = {N,{Ft{v)),DFt{v)m)Dexpg{d{q,Ft{v))v){v) 

= {N,{F,{v)),DF,iv)m) c'Miq,Ft{v))) 
+AMQ,Ft{v))){m)- 

Consequently, 

DFt{v){m) = 

{N,{F,{v)), DFt{v)m)N,{Ft{v)) + AMq, ^t(^)))(7(0)). 

Next, we introduce the map 

L^(w) = W- {w,Nq(x))Nq(x). 

Then we have 

L^,(,)(DF,(^)(7(0))) = AMQ,Ft{vmm)- 

The finish the proof of the above Proposition, we need the following 
lemma. 

Lemma 12.4. JacL^. = \{Np{x), Nq{x))\. 
Proof. Consider 

Np{x)^ n Ny{x)^ = {w e T^X I (w, Np{x)) = and {w, Ng{x)) = 0}. 

Then Np{x)^ fl Nq{x)-^ has co-dimension one in Np{x)-^ and is the 
identity on Np{x)^ fl iVg(a;)-^. Let 

Wo = 7Vg(x) - {N,{x),Np{x))Np{x) e A/p(x)^. 
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The vector Wq is orthogonal to Np{x)-^ fl Ng{x)-'- since for all w G 
Np{x)^ n Ng{x)-^ we have {w,Np{x)) = and {w,Ng{x)) = 0, and 
therefore 

{w,wo) = {w,Ng{x)) - {Ng{x),Np{x)){w,Np{x)) = 0. 

=0 =0 

Moreover, L^Wo is also orthogonal to Np{x)-^ fl Nq{x)-^: 

L^Wq = Wo - {Wo,Nq{x))Nq{x) 

= Nqix) - {Nqix), Npix))Npix) - {Ngix), Nqix))Ng{x) 

+ {Ng{x),Np{xyf)Nq{x) 
= {Np{x),Nq{x)){{Np{x),Ng{x))Nq{x)-Np{x)), 

and consequently {w^L^Wq) = for all w satisfying {w,Np{x)) = 
{w,Nq{x)) = 0. Consequently: 

_\\L^ 
jac iJx — II II- 

Ikoll 

Since 

ll^.^of = {Np{x),Nq{x))\{Np{x),Nq{x)y + l-2{Np{x),Nq{x))^) 
= {Np{x), Nq{x))\l - {Np{x), Nq{x))') 

and 

||«;o||' = l + {Np{x),Nq{x)f-2{Np{x),Nqix)f 
= l-{Np{x),Nq{x))\ 



we obtain 

Jac L 



{Np{x),Nq{x))\l-{Np{x),Nq{x)y 



2\ \ 1/2 



l-{Np{x),Nqix)y 
= \{Np{x),Nq{x))\, 

which yields the lemma. □ 
Finally, -LFt(t)) ° DFtiy) = Ay{d{q, Ft{v))) implies that 

det A,{d{q, Ftiv))) ^ det Ftjv))) 
'^""^ j8.cLF,iv) {NpiFtiv)),NqiFtiv)))' 

finishing the proof of the proposition. □ 
Corollary 12.5. Let {X,g) be a noncompact, simply connected har- 



monic space. Let Bt : SqX — )■ SpX, v ^ exp^ oFt{v) (see Figure^. 



1 

Then we have 

f{d{q,F,{v)) 



Jac Bt{v) 



fit) {Np{F,{v)),Nq{F,{v))y 
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SqX 




\Bt{v) 



P 



Figure 4. Illustration of the map Bt : SqX SpX 

Proof. Let u G SpX. Then Dexpp(tu) : u-^ — )■ Texp^(tu)St{p) is given by 
D expp{tu){w) = jAu{t){w), and therefore with u = Bt{v), 



Jac Bfiv) 



det Au{t) 



■ Jac Kffl 



detA,(rf(g,Ft(t;))) 



detA„(t) (iVp(Fi(t;)),iV,(Ft(i;)))- 

Since X is harmonic, we have det A^{s) = f{s), which finishes the proof 
of the corollary. □ 

Let / e CidsX). We know from Lemma [I22] that Bt : SgX SpX 
is a bijection, for t > large enough. Then we have with /i = / o 



po- 



We will show that 



fi{w) dOpiw) 



n J S„X 



— [ U'i°Bt){v){J^cBt){v)de,{v). 

Js„X 



(i) \imt^^Bt = {y^P^^)-'o{^Po 



q )■> 



(ii) There exist constants to > and C > such that 

I Jacfit(t;)| < C 'iv e SqX,t>tQ. 

(iii) We have, for all v G SqX, 



lim Jac Bt{v) = e 

t—^oo 



-hbv{p) 
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Having these facts, we conclude with Lebesgue's dominated conver- 
gence that 

JSqX 
JdsX 

with hq^^ = ^ — ^{q) for q E X and ^ G ObX. This shows the following 
fact: 

Theorem 12.6. Let {X,g) be a simply connected noncompact har- 
monic manifold with reference point po G X. Let {fip)p^x be the asso- 
ciated family of visibility measures. Then these measures are pairwise 
absolutely continuous and we have 

dfig 

It remains to prove (i), (ii) and (iii) above. 

Proof of (i): Let t„ — )■ cxd and Sn > 0, Wn = Bt^{v) G SpX such 
that yn = expg(s„f) = expp(t„iy„). We obviously have s^i — )■ oo and 
Un ^ K — bvil)- Let be a convergent subsequence of Wn = Bt„{y) 
with limit w G SpX. Then we have — > — bw{p), by Proposition 
[mr al. and 

This shows that hm„^oo Bt„{v) = o ). □ 

For the proof of (ii), we need the following lemma: 

Lemma 12.7. For every e > 0, there exists to > such that we have 
for all V G SgX 

\{Np{Ft{v)),Ng{Ft{v)))-l\<e V t > to- 

Proof. This is an easy consequence of corollary 13.41 □ 

Proof of (ii): Since f{t) > is an exponential polynomial, there 
exists m > such that 

(12.1) ^^->1 ast^oo. 

Therefore, there exists to > such that 

l^m ht < /(t) < -t^^e^' 
2 - J \ J - 2 
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for all t > to- Using Lemma [12.71 and increasing > if necesary, we 
can also assume that 

{N,iFtiv)),N,iFtiv)))>^ 

for all t >to. Since d{q, Ft{v)) < t+d{p, q), we conclude from Corollary 
[123] for all t > to and all v G SgX, 



Proof of (iii): This is a immediate consequence of Lemma 1 1 2 . 71 and 
the following Lemma: 

Lemma 12.8. Using the notation above we have that 
i^oo f{t) 

Proof. Note that Bp^^{x) = d{x,Ft{v)) — d{q,Ft{v)) converges uni- 
formly to b^. Hence, for all e > there exists to > such that for 
all t > to we have 

\b,{p)-d{p,Ft{v))+d{q,Ft{v))\<e. 
=t 

This implies 

-e + t- b,{p) < d{q, Ft{v)) <e + t- b,{p)- 
Note that /(r) is monotone, since ^{f') > h > 0. Therefore, 
fi-e + t - b^ip)) < fid{q, Ft{v))) < /(e + t - 

and 

f{-e + t-b,{p)) ^ f{d{q,Ft{v))) ^ f{e + t-b,{p)) 
fit) - fit) - fit) 

Using fll2.ip . we obtain for a G M. 

lim ■^^^ - lim '^^^ ~ ~ a)'"e''(*-") t'^e''^ 

t-^oo f{t) ~ t^oo (t - a)™e''(*-'^) f^e^^ f{t) 

= lim(^^)'"e-'^" = e"^". 

t-^oo t 

Hence, for all e > 0, we have 

- fit) - t^oo"^ fit) 

This implies the claim. □ 
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13. The Green's kernel and the Martin boundary 

Let (X, g) be a simply connected noncompact harmonic manifold. 
In this chapter we calculate explicitly the Green's kernel, which is the 
smallest non-negative fundamental solution of the Laplace equation on 
X, i.e., G is a function defined on X x X\{{x, x) \ x & X}, and having 
the following properties: 

(a) A^G{x,y) = W x j^y, 

(b) G{x, y) > for all x ^ y, 

(c) For all ?/ G X, we have m.i^^x,x^yG{x,y) = 0, 

(d) jGix,y)A^iy)dy=-^ix) ^ E G^iX). 

X 

G can also be expressed with the help of the smallest positive funda- 
mental solution of the heat equation pt{x,y) as 

POO 

Gix,y) = / pt{x,y)dt. 
Jo 

This implies that G{x, y) = G{y, x). For dimX > 3, the Green's kernel 
has a singularity at the diagonal with the asymptotic 

with a fixed constant > depending on the dimension. 

Since the heat kernel Pt{x, y) of a harmonic space X only depends on 
d{x,y) (see [Szl Thm 1.1]), the same holds true for the Green's kernel, 
i.e., there exists a function G such that G{x,y) = G{d{x,y)). 

Property (a) means that for r = d{y,x) = dy{x) we have 

= A,(G o dy){x) = G'\r) + ^(r)G'(r), 

i.e. 

(/G")(r) + (/'G')(r) = 0, 

i.e., ifGJir) = 0. Integration yields fG' + (3 = 0. We choose (3 = 
— = trl v\ and obtain G'(r) = — -rrr. 

uj„ vo\(SyX) y I f(r) 

^ oo 

This leads us to consider G(r) = (3 J j^. The above derivations 

r 

show that 

G : (X X X)\{(x, x) I x G X} M, 

defined by G{x,y) = G{d{x,y)), satisfies = AxG{x,y) for all x y, 
which shows (a) for this choice of G. 

The properties (b) und (c) for this choice of G{x, y) are easily verified. 
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The following calculation shows (d). We have for all (p G C^(X): 
(G(a;,-),A(^) = 



G{x,y)^^{y)dy= j j f{r)G{r){A^){c,{r))de,{v)dr 
s^x 

30 

= J f{r)G{r) J {cpoc,)"{r) + ^{r){ipoc,y{r)de,{v)dr 
s^x 

oo oo 

^^^^ IW)J ('^°^-)'» + 7(^)('^°^-)'W'^W dtdr 

r S^X 

oo t 

/ /{^ / /(^)('^ ° ^-)'^(^) + ^^(^)('^ ° c,)^(r)^ (ir 

SxX (/•(¥'oc.)')'(r) 

oo 

-^J J ^^fm^°c,nt)dt de,{v) 

S^X 

= -/3 y ((/^ o c,)(0)(i^,(i;) = • /3 ■ vol{S,X) = -ip{x). 

SxX 

We conclude that the Green's kernel of a noncompact harmonic man- 
ifold (X, g) has the form 




Let po e X he a, fixed reference point. We define 

G( X X I 

^PO — {(^ = i^m) C X I d{Xm,Po) OO, „ ' " . ^ 

where the convergence q(^J'^"'^) — >■ -f^o-(3^) is meant uniformly on all 
compact subsets of X. Let a — (xm), a' — {x'^) e E. We call cr ~ cr' if 
and only if — K'^. 

Definition 13.1. The Martin boundary ff'^X is defined as 

d^X — Tipo/^ 
d^X carries a metric, defined by 

dF^{a,a'):^- sup \K,{x) - K,>{x)\. 

xeBipo,!) 
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Example (Martin Boundary of Euclidean space) Assume that X = 
M" with n > 3, i.e., X is the flat Euchdean space. Then the Green's 
kernel is given by 

^^""'^^^ {n-2) uj^ |x- 1/1-2 • 
Let po = 0. We have 



Now, (i(a;m,Po) oo means that \xm\ — > oo. Since 

I m| I'^l _ ^rn\ _ I'^ml ~r |.^| 

we conclude that, for \xm\ — ^ C)0, 



lim 



G(po,a;m) 

i.e., 9^]R" consists of a single point, the constant harmonic function 1. 
Since (9^M" is a topological sphere of dimension n — 1, we have 

However, Busemann boundary and Martin boundary agree for non- 
flat noncompact harmonic spaces. 

Theorem 13.2. Let {X,g) be a noncompact harmonic manifold with 
h > 0. Then we have 

d^^x = cf^x 

as topological spaces. 

Proof. We first show dp^X = d^X as sets. 

(a) Our first goal is: If G &^'X, and (xn) is a sequence in X such that 
— ^ ^ in the Busemann topology, then we have the following uniform 
convergence on compacta: 

(13.1) G{x^ ^ ^_,^(,)_ 

G{po,Xn) 

This implies that (x„) is also convergent to a point in the Martin bound- 
ary, and we obtain a canonical injective map 

ag»(x)^9^'(x), 

^ I—)- (xn), where {xn) is any sequence with Xn ^ ^ in the Busemann 
topology. 

Proof of (113.11) : We first prove: Let / be a compact interval. Then 
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uniformly on / as s — )■ oo. To prove this consider 

dt 

Then limu^Qip a{u) = and by the mean value theorem we obtain 
for some x G (0,ti). Since 

1 



we obtain 



— e 



-ha 



for some x G {0,u). Using fTITU we obtain that converges on 

compact intervals uniformly to e~^" as m — ?■ which is equivalent to 
the assertion above. 



Let hy{x) = Since G{x,y) = ^ J ^fy, we have 



hy{x) 



d{x,y) 
dt 

d{x,y) fit) 
TOO dt ■ 

-Jdipo,: 



ldipo,y) fit) 

Let x„ — )■ ^ G d^X in the Busemann topology. By definition this 
implies that, for each compact subset K C X and all e > 0, there 
exists no(e, K) > 0, such that for all n > riQ^e, K) we have 

\d{x, Xn) - d{po, Xn) - ^{x) \ < 6 

for all n > nQ{e,K) and x & K. In particular ,we have for all n > 
no(e, K) and x E K 

dipo, Xn) + ^(x) - e < d{x, x„) < d{po, x^) + ^ + e. 

Since > 0, we conclude that 

TOO _M_ TOO dt 

Jd(po,x„)+g(a:)-e fit) , , . Jrf(po,x'n)+g(x)+€ /(t) 

dt — ''-^nl-^J — TOO dt 



dipo,Xn) fit) 



L 



dipo,x„) fit) 



Since ^ is bounded on K we can choose for each e > (using (*)) a 
number ni(e, i^'), such that for all n > ni{e, K), 



-m-)+e) < < ^-him-e)_ 



This implies, that 



lim hx,Xx) 

n—^oo 



-h(ix) 
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uniformly on each compact set. Therefore, 

converges uniformly on compact sets and converges to a point in 
the Martin boundary. 



(b) Let cr = [xn) be convergent to a point in the Martin boundary, 

G{x„,x) 

G{Xn,po) 



i.e. d{xn,Po) — oo and — > K^^, uniformly on compacta. Since 



Xn ^ X C Bpo{X) and Bpo(X) is compact, there exists a subsequence 
Xnj € X such that — t- ,^ G i?Po(X), in the Busemann topology. 
Since d{xn,Po) oo, C, E d^'X we obtain that 



G{Xn^,Po) 

Therefore, = e"'^^. Let {x'^.) be an arbitary subsequence of (xn) 
which is convergent in the Busemann topology to a point ^' G d^X. 

L Ti^ Tiro rt/^mrtln/^o ^-Vio^- 

G(Xn,Xo) 



Then, from £^'^"''^1 — )• Ka^, we conclude that 



i.e., ^0 = Hence (x^) is convergent in the Busemann topology. This 
shows that the above map d^{X) — d^{X) is also surjective. 

(c) Assume ^„ e converges to ,^ G (9^"(X), i.e., we have uniform 

convergence of ^„ — )■ ^, on each compact subset K C X. In particular, 

sup |^„(2;) - ^ 0, 
xe-Bi(xo) 

and, consequently, sup |e~'^^"(^) — e~^^*^^^| — )■ 0. This means that a 

xe-Bi(xo) 

convergent sequence ^„ in the Busemann topology is also convergent in 
the Martin boundary topology. 

Therefore, we obtain that the map d^{X) — )■ d^{X) with ^ — )■ 
where is a sequence converging to ^, is a continuous bijection. 
Since d^{X) is compact, this map is a homeomorphism. □ 

14. Representation of bounded harmonic functions 

Let (X, g) be a simply connected noncompact harmonic manifold. 
One of the merits of the Martin boundary theory, which we like to 
recall, is the representation of bounded harmonic functions (see e.g. 
[Woj for more details). 

For po E X define the set 

Hp,{X) = {Fe C\X) \AF = 0, F{po) = 1, F > 0} 
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of normalized positive harmonic functions on X. This set is convex 
and compact with respect to the topology of uniform convergence on 
compact subsets. Wc call an element F £ Hp^[X) minimal, if for any 
two function Fi, F2 G Hp^i^X) with 

F = AFi + (1 - X)F2 

we have Fi = F2. Note, that the minimal set is contained in the Martin 
boundary. Therefore, 

^°min(^) - {Kalo^e d^^{X),K, is minimal} 

is the set of minimal elements in Hp^^{X). Using Choquet theory we ob- 
tain for each F e Hp^[X) a unique probability measure on 9^ min(^) 
with 

F{x) = J K^{x)duFia). 

a™ . (X) 

If we do not insists in probability measures, we can represent in this 
way positive harmonic functions which are not normalized as well. If 
F, G are positive harmonic functions with F < G then G — F is a 
positive harmonic function and 

fie = ^F + J^G-F < VF- 

This implies that vp is absolutely continuous to vq. Of fundamental 
importance is the harmonic measure Vp^ := ui, i.e the unique probablity 
on d'^^^iX) defined by 



K^{x)dupg{a). 
91° ■ (X) 

Using this measure, one can represent all bounded harmonic functions 
on X in the following way. Consider first a harmonic function F with 
< F < M for some M > 0. This implies i^^ < Mvp^. In particular 
the Radon-Nikodym derivative 

dvp 



exists and defines an element in L^{d^^^^{X)) with < (pF < M. 
Hence, 



F{x) = J K^{x)diyF{a) = J K^{x)(pF{(j)dup^{a). 

Now, consider an arbitrary bounded harmonic function F and as- 
sume that —M < F < M for some positive number M. Then 

F(x) + M- J K^{x)^F+M{<y)dup,{a), 
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where < fp+M ^ 2M. Hence, 

F{x) = j K^{x)(pF+M{(y)dvpo{(^) - j K^{x)Md 
97 ■ ix) a^o . (X) 



9? ■ (x) 

K^{x)ipF{(T)dupg{a), 

9lUnm 

where —M < ifp := ipp+M — M < M. In particular, the following 
theorem holds (see also [Wol Theorem (24.12)]): 

Theorem 14.1. Denote by {d-^ ^^^(X)) the set of bounded -functions 
on <9^°min(^); O'lT'd by H'^{X) the set of bounded harmonic functions 
on X'. Then the map H : ^°°(<9^',nin(^)) ^ H^{X) with 



H{ip){x) := J K^{x)(p{a)dup,^{a) 

92Unm 
defines a linear isomorphism. 

Now let {X,g) be a harmonic manifold with h > 0. Then as we 
have shown above (see Theorem 113.21) . the Martin boundary d^{X)) 
and the Busemann boundary d^{X) are isomorphic and, using the 
identification a — )■ ^, we have K„ = e~^^. As has been observed by 
Zimmer |Zi3j . all functions e~^^ are minimal in Hp^i^X). Let /Xpg be the 
visibility measure with respect to po introduced above. We have that 

6 ^dfip^ 



9l"{X)) 

which by the discussion above implies that fip^ is the harmonic measure 
on dl%X)). 

Related to the Martin representation is the Dirichlet problem at in- 
finity, which deals with the following question. Let (p : d^{X) — )■ M be 
a continuous function. Is there a harmonic function F on X such that 

limF(x) = ^(0? 

By the maximal principle, F is unique if it exists. A natural candidate 
for the solution is the function H,^ defined by the integral presentation: 

H^ix)= J ifiOdfiM= J ifiOe-'^^'^df^p^iO- 
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Obviously, is the solution of the Dirichlet problem if and only if 

lim/ia; = 

where 5^ is the Dirac measure at ^ G d^{X) and the limit is taken in 
the weak topology of Borel probability measure on d^{X). We will see 
in Chapter [18] that this holds if (X, g) has purely exponential volume 
growth. 
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Part 2. Noncompact harmonic manifolds with purely 
exponential volume growth 

From now on, all harmonic manifolds {X, g) under consideration are 
assumed to be noncompact, connected and simply connected, and of 
purely exponential volume growth. As shown in the paper |Kn3] by 
the first author, purely exponential volume growth, geometric rank 1, 
Gromov hyperbolicity and the Anosov-property of the geodesic flow 
(with respect to the Sasaki-metric) are equivalent for harmonic spaces 
{X,g). Furthermore, nonpositive curvature or more generally no focal 
points implies any of the above conditions. 

This part covers the following new results for harmonic manifolds 
with purely exponential volume growth: 

(1) Agreement of the geometric boundary and the Busemann bound- 
ary as topological spaces. 

(2) Solution of the Dirichlet Problem at inflnity, and an explicit in- 
tegral presentation using the visibility measures at inflnity. The 
solution of the Dirichlet Problem follows also from the general 
theory of |Anclt IAnc2j for Gromov hyperbolic spaces (which 
is related to earlier work for spaces of negative curvature by 
|AnSch] ■ see also |SchY| Chapter II]). However, in the case of 
harmonic spaces, these results can be deduced in much more 
direct and geometric way. 

(3) Polynomial volume growth of all horospheres. As an applica- 
tion, we also pove a mean value property of bounded harmonic 
functions at inflnity. This latter result follows from a modifl- 
cation of the arguments given in |CaSamj for negatively curved 
asymptotically harmonic spaces. 

15. Gromov hyperbolicity 

We start this chapter by introducing the Gromov product. 

Definition 15.1. Let {X,d) be a metric space and Xq & X a reference 
point. The Gromov product (x, y)xo of x,y ^ X is defined as 

1 

{x, y)xo = 2 (^(^' ^o) + d{y, Xo) - d{x, y)) 

Note that the Gromov product (x, |/)xo is non-negative, by the tri- 
angle inequality. A metric space (X, d) is called a geodesic space., if 
any two points x,y E X can be connected by a geodesic, i.e., if there 
exists a curve a^y ■ [0, d{x, y)] — > X connecting x and y, such that 
d{iJ^y{s),a:^y(t)) = \t- s\ for all s,t e [0,d{x,y)]. 

Lemma 15.2. Let {X, d) be a geodesic space. Then we have, for 
x,y,xo G X, 

{x,y)^^ < d{xo,a^y). 



NONCOMPACT HARMONIC MANIFOLDS 



59 



Proof. Consider x' G a^y such that d{xo,axy) = d{xo,x'). Then 
{x,y)xo = ^{d{x,Xo) + d{y,xo) - d{x,y)) 

= ^{d{x, xo) + d{y, xq) - d{x, x') - d{x' , y)) 
< ^{{d{x', Xq) + d{x', Xq)) = d{xo, a^y) 

□ 

Definition 15.3. A geodesic space {X, d) is called 5-hyperbohc if ev- 
ery geodesic triangle A is 5 -thin, i.e., every side of A is contained in 
the union of the S -neighborhoods of the other two sides. If a geodesic 
space {X, d) is S-hyperbolic for some 6 > 0, we call {X, d) a Gromov 
hyperbolic space. 

Let us recall the following two general results for Gromov hyperbolic 
spaces. Note that one of the inequalities in Proposition 115.51 was stated 
in Lemma 115.21 

Proposition 15.4. (see |CDP| Prop. 1.3.6]) Let {X,d) be a 6 -hyperbolic 
space. Then we have for all Xq, x,y,z&X: 

(x, y)^g > min{(x, z)^^, (y, z)^J - 85. 

Proposition 15.5. (see [CDPl Prop. 3.2.7]) Let {X, d) be a 6 -hyperbolic 
space. Then we have 

{x,y)xo < d{xo,(T^y) < {x,y)xo + 325. 

Now assume that X is a harmonic manifold. We have seen in propo- 
sition 111.41 that the Busemann boundary d^^X of X with respect to 
Po & X can be identified with SpX. The map ip'^^^ : SpX — )■ d^^X 
with (p'^p°{v) := h (po) is a homeomorphism. A sequence Xn = 
exppitnVn) G X with Vn G SpX and tn > converges to a point 
^ e d^^X if and only if t„ — )■ oo and there exists v G SpX with f„ — )■ f . 
In particular, ^ is given by — b^{po). Hence, a sequence Xn converges 
in the Busemann topology to infinity if and only if d{xn,p) oo and 
Zp{xn, Xm) — )■ for n, m — )■ oo. 

Assuming additionally that X has purely exponential volume growth 
and therefore is Gromov hyperbolic we show that x„ converges to in- 
finity if and only if 

lim {Xn, Xm)p = oo. 
n,m—>-co 

We note that this is used for general Gromov hyperbolic manifolds 
as a definition for convergence to infinity, (see |BSl Section 2.2]). 
The following result is the main result of this chapter. 

Theorem 15.6. Let X be harmonic manifold with purely exponential 
volume growth, p & X and be a sequence in X . The following are 
equivalent. 



60 



GERHARD KNIEPER AND NORBERT PEYERIMHOFF 



(a) The sequence {xn} converges in the Busemann topology to in- 
finity, i.e. d{xn,p) — > oo and Zp{xn,Xm) — ^ forn,m — > oo. 

(b) {Xn, Xm)p — > oo for 71,171 ^ OO. 

Proof. (6) =^ (a): It was shown in |Kn3j that X is (5-hyperbohc for 
some 6 > 0. Let {xn,Xm)p oo. We know from Lemma 115.21 that 
d{p,Xn),d{p,Xm) > {xn,Xm)p, which shows that d{p,Xn) — )■ oo as n — )• 
oo. It remains to show that Zp(x„,Xm) — )■ 0. Let Up^^, Up^^ be 5-tubes 
around the geodesic arcs ap^^ and <Jpxm- Then the geodesic crx„x„, must 
contain a point pi G Up^,^ fl Up^^. We conclude from Lemma [15.21 that 

d{PuP) > d{a^^^^,p) > {Xn,Xm)p- 

Let 7i and 72 be the shortest curves connecting pi with <7px^ and <Jpx^ 
at the points y„ and ym, see Figure [51 Then d{pi,yn),d{pi,ym) < S, 
which implies d{yn, ym) < 25 and 

d{yn,p),d{ym,p) > {Xn,Xm)p-S. 




Figure 5. Illustration of the proof of (6) =^ (a) in The- 
orem [T5]6] 

We assume, without loss of generality, that d{yn,p) > d{ym,p)- Let 
Zm G (Tpxm be such that d{p,Zm) = d{p,yn). This implies that 

d{yn, P) = d{Zm, p) > {Xn, Xm)p " 5- 

Since 

d{ym,p) < d{zra,p) = d{yn,p) < d{y^,p) + d{yn,ym) < d{ym,p) + 2(5, 
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and since i/m,, Zm lie on the same geodesic arc CTp^^, we have d{ym, Zm) < 
25. This imphes that 

d{zjn, Vn) < d{ym, Vn) + C?(^m, Vn) < 25 + 25 = 4(5. 

Using Corollary 13. 4[ we conclude that 

45 > length(aj^„^^) > a((i(?/„,p))Zp(x„, x^). 

Since d{yn,p) oo, we also have a{d{yn,p)) — )■ oo, which implies that 

(a) =^ (6): Assume Zp(x„, Xm) — >■ and d{xn,p) — )■ cx3 forn, m — )■ cxo. 
For all R> 0, there exists no{R) > 0, such that for all n,m> no{R): 

(15.1) d{p,Xn),d{p,Xm) > R aia.dd{cp^,XR)yCpxm{R)) < 1> 

since Zp{xn,Xm) ^ for ri, m — oo. Note that the constant no{R) 
does not depend on p, but only on the values d{p, Xn) and x^), 
since X has a uniform lower curvature bound. 

We show now the following: The geodesic arc Ox^xm ^^-^ empty in- 
tersection with the open ball B^_i{p) for all n,m> no{R). 

If (^x^x^^Bnip) = 0, there is nothing to prove. If cr^„^„ n5/j(p) = 0, 
there exists a first to > and a last ti > such that 

qi = crx„xm{to), q2 = (^xnx^ih) e Sr{p), 

where Sr{p) denotes the sphere of radius R > around p (see Figure 
|6]). Then we have 

d{qi, q2) = l{(^xr,xr^ - d{xn, qi) - d{xm, q2)- 
Using (115. ip . we have 

l{(Txr,xJ < d{Xn,(Tpx„{R)) + d{apx„{R),(Tpx,^{R)) + d{apx^{R),Xm) 
< d{Xn,Crpx„{R)) + d{Xm,(Tpx,r,{R)) + 

which implies that 

d{qi, q2) < {d{xn, (Tpx^R)) - d{xn, qi)) 

+ {d{x^,apx^{R))-d{xm,q2)) + l- 

Since d{p,Xn) = R + d{(rpx„{R),Xn) < d{qi,Xn) + R (by the trian- 
gle inequality), we obtain d{xn,qi) — d{Xn,o'px„{R)) > 0, and simi- 
larly d{xm,q2) — d{xm,(ypx^{R)) > 0. This, together with (115. 2p shows 
d{qi,q2) < 1- But then the geodesic segment of crx„x„^ between qi and 
q2 cannot enter the ball B^_i{p). 

Therefore, we have for all n,m> no{R), 

- ^ < d{p, Ox^x^) < {Xn, x^)p + 325, 

using Proposition 115.51 This shows that 

{xn, Xm)p — OO as n, m — > OO. 
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P 



Figure 6. Illustration of the proof of (a) =^ (6) in The- 
orem 115.61 

□ 

16. The geometric boundary of a harmonic space with 

PURELY exponential VOLUME GROWTH 

This chapter provides a purely self-contained introduction into the 
geometric boundary X(oo), based on equivalent geodesic rays, and its 
associated cone topology for harmonic spaces with purely exponential 
volume growth. 

We like to mention that all results in the later chapters [TS], ^\ and 
[201 could have also been formulated in terms of the Busemann bound- 
ary ObX instead of the geometric boundary X(oo), in which case the 
current chapter as well as the following Chapter [T7] would be of no 
relevance for these later results. 

We first recall the classical definition of the geometric boundary. 

Definition 16.1. The geometric boundary X(oo) of the harmonic 
space {X, g) consists of all equivalence classes of geodesic rays, where 
two unit speed geodesic rays ai, ct2 : [0, oo) — )■ X are equivalent if there 
exists C > such that 

dia,{t),a2it)<C 

for all t > 0. The equivalence class of a (unit speed) geodesic ray a is 
denoted by [a] . The geodesic ray with initial vector v G SX is denoted 
by a^. 
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Proposition 16.2. For every p G X , the map 

: SpX X{oo), 
^p{v) = K] 

is injective. 

Proof. This is an immediately consequence of the uniform divergence 
of geodesies (see Corollary 13 ■4p . □ 

Remark Proposition 116.21 holds in the general context of non- 
compact harmonic manifolds (without the purely exponential volume 
growth condition). 

Lemma 16.3. There exists a universal constant A > 0, only depending 
on X, such that for all unit speed geodesic rays ai,a2 : [0, oo) — )■ X 
with o"i(0) = cr2(0) we have 

d{ai{t), a2(t)) < Ad{ai{T), <J2{T)) yO<t<T. 

Proof. Because of the uniform lower and upper bound on the sectional 
curvature of X, there exist Aq > 1 and e > 0, only depending on X, 
such that 

d{ai{t), (T2(t)) < Aod{a,{T), (T2(T)) V < t < T < e. 

Using again the lower curvature bound on X and Corollary 13.41 we can 
find for every i? > a constant Ai{R) > 1 such that 

d{ai{t), a2{t)) < Ai(X, R)d{ai{T), (T2(T)) V e < t < T < i?. 

We assume now that i? > is chosen large enough that R/2 is greater 
than a certain universal constant c > 0, introduced later and only 
depending on X. It remains to show that there exists a universal 
constant A2 > I, only depending on X, such that 

d{ai{t), a2{t)) < A2{X, R)d{ai{T), a2{T)) WR<t<T. 

Let T > R, and c : [0, 1] —i- X be a geodesic connecting cri(T) with 
(T2(T), written as 

c(s) = exppr{s)v{s), 

where p = cri(O), r(0) = r(l) = T and v{s) G SpX for all < s < 1. 
Assume first that there is sq G (0,1) such that r(so) = d{c{so),p) < 
T/2. Then d{ai(T),a2(T)) > T and we have 

dMt),a2{t)) <2t<2T< 2d{cxi{T),cx2{T)). 

So we can disregard this case and assume that r(so) = d{c{so),p) > 
T/2, for all so G [0, 1]. Let R < t = 6T, and cs : [0, 1] ^ X be given 
by cs{s) = expp 5r(s)f (s). Then 

^ csis) = Dexpp{5r{so)v{so){5r'{so)v{so) + 5r{so)v'{so)) 

s=so 
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Since c'^(^so)(^'^('^o)) Aiso)iSr{so)){v'{so)), we obtain 



d 




ds 


cs{s) 


s=so 



{r'{so)y + \ \A^(so)iSr{so))v'{so) 



< 



Let B{t) = Ay(^sg){t) A^^^^^{r{so)) ■ This is an orthogonal Jacobi- Tensor 
along c^(^o). Let w e {c'^(sg){r{so)))-^ with \\w\\ = 1. Then J{t) = 
B(t)w is a Jacobi field with J(0) = 0, J(r(so)) = w. Using the Anosov 
property of the geodesic fiow and the theorem in |Bol p. 107], we 
condude the existence of a universal A2 >2, such that 

(16.1) \\Jm<A,\\J{r{som=A2 

for all if: G [c, r(so)] with a universal constant c > 0, only depending on 
X. Therefore 

\\Bm<A2 



for all c < t < r(so). Note that Sr{so) > 5|- > -|, and that we assumed 
earlier that R/2 > c. This implies that 



< Al{ir'iso)r+\\A^isoMso))v'{so)r) 



< Al 



d 




ds 




S = Sfi 



d 






c{s) 


ds 




s=so 



which shows that 
length(c5) = 



ds 



cs[s, 



s=so 



ds 



< An 



d 






c{s) 


ds 


s=so 



ds = A2 d{a,{T),a2{T)). 



Since cs connects ai{5T) with (T2(5T), we conclude 

d{(Ti{t), a2{t)) < A2 d{ai{T), a2{T)) for a\\ R<t = 5T <T. 



□ 



Proposition 16.4. For every p G X, the map $p : SpX — )■ X(oo) is 
bijective. 

Proof. In view of Proposition 116. 2[ it suffices to prove surjectivity of 
$p. Let [a] G X(oo) and cr(0) = q. Choose t„ — t- 00 and f„ G SpX and 
s„ G M such that cr(t„) = expp(s„f„). Obviously 

\tn - Sn\< d{p,q). 
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Then d (j),a{ tn)) = d{qn,a{tn)) = where g„ := a(tn - By 
Lemma [16.31 we have 

d{cy„{t),a{tn- Sn + t)) < Ad{p,qn) < A {d{p, q) + \tn - Sn\) 

< iA+l)dip,q) 

for all t G [0, This implies that 

d{cy^{t),a{t)) < d{cy^{t),a{tn- Sn + t)) + d{a{tn- Sn + t),a{t)) 

< (A+l) d{p, q) + \tn-Sn\<{A + 2) d{p, q) 

for all t G [0, s„]. Since SpX compact, there exists Vq G SpX such that 
a subsequence of f„ converges to Vq. We conclude that d{c^^{t), a{t) < 
{A + 2) d{p, q) for all t > 0, i.e., [a] = [c^jg]. This shows surjectivity. □ 

The next proposition is an easy consequence of the uniform diver- 
gence of geodesies: For every distance d > and every angle e > 
there exists a uniform radius R such that any two points p, q at dis- 
tance < d and outside any ball of radius R will be seen from the center 
of this ball in an angle < e. 

Proposition 16.5. For d > and e > there exists R = R{d, e, X) > 
0, such that for all po E X and for all p,q ^ i?^(po) with d{p, q) < d 
we have 

Proof. Since a{t) — )■ oo as t — )■ oo, we can choose R > such that, 
for all t > R, we have ^ < e. Let p,q ^ Bj^(po) with d{p,q) < d. 

Let f,w G SpgX and ti,t2 > R such that p = c„(ti) and q = c^(t2)- 
We conclude from the triangle inequality that 1^2 — ^ d. Let go = 
c^(ti) ^ Bj^{po). Then 

d{p, go) < d{p, q) + d(g, go) < + 1^2 - ti\ < 2rf. 
Then Corollary 13.41 implies that 

d{,P, go) ^ 2rf 
a(ti) ~ a(ti) 

since ti > i?. This finishes the proof. □ 

The next result states that far out points of a geodesic ray cr, seen 
from another point p at bounded distance < d from o"(0), appear under 
a very small angle. 

Proposition 16.6. Let d > be given. Let a : [0, oo) X be a unit 
speed geodesic ray with q := cr(0). Let p G -Bd(g) = {z E X \ d{z,q) < 
d}. For T > 0, let ar '■ [0,d{p,cr{T))] X be the unit speed geodesic 
from p to (t{T). Then for e > there exists C = C{X,d,e) > such 
that for all S,T > C , 

ZpK(0),a^(0))<e. 
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Proof. The details of the following proof are illustrated in Figure [71 By 
[Kn3j . X is p-Gromov hyperbolic for some p > 0. Since X has lower 
curvature bound, we can find 6 > such that for all z & X and for all 

Vi,V2 G SzX we have 

(16.2) Z,{vi,V2)<S d{c,,{p + l),c,,{p + l)) <1. 




Figure 7. Illustration of the proof of Proposition 116.61 
Choose 

C := max{R{d, 5, X), R{2p + 1, e, X) + 2p + 1} + d 

with R{d, e, X) as in Proposition 116.51 Without less of generality, we 
can assume that S >T. We know that 

d{p, a(T)), d{q, a{T)) >T~d> R{d, 6, X), 

and conclude from Proposition 116.51 that 

Using (116. 2p . this implies that 

d{aT{d{p, a{T)) ± (p + 1)), a{T ± (p + 1))) < 1. 

Using |Kn3t Cor. 4.5], we conclude that there exists to > such that 
d{a(T), (Tsito)) < 2p + 1. (In the case S & [T, T + (p + 1)], we choose 
to = d{p,(T{S) and have crsito) = cr{S).) Since T > C > R{2p + 
1, e, X) + 2p + 1 + d, we have 

d{a{T),p) > d{a{T),q)-d{p,q) = T-d{p,q) > R{2p+l,e,X) + 2p+l 
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and 

d{asito),p) > diaiT),p)-dias{to),cyiT)) 

> R{2p + 1, e, X) + 2p + 1 - (2p + 1) = R{2p + 1, e, X). 

Using Propositon 116.51 again, we conclude that 

ZpiaiT),asito)) = /^^(O), a^(0)) < e, 
finishing the proof of the proposition. □ 

This proposition has the following limit version (for S oo). 

Corollary 16.7. Let d > be given. Let a : [0, oo) X be a unit speed 
geodesic ray with q := o"(0). Let p G Bd{q) = {z E X \ d{z,q) < d} and 
V G SpX such that [av] = [cr] . Then for e > we have 

for all T > C{X, d, e) with and C(X, d, e) as in Proposition 1 1 6. 61 

Proof. We only need to show that liniT^-oo c"t(0) — Then we obtain 
for T > C{X,d,e): 

Zp(t;,4(0)) < limsupZp(a^(0),a^(0)) < e, 

using Proposition 116.61 

We know from Proposition 116.61 that, for any T„ — )■ oo, cr^^(O) is 
a Cauchy sequence in SpX. Since SpX is compact, there exists vq = 
limT-i.oo cr^(O). So it remains to show that vq = v. Note that we have 

T-dip,q)<dip,aiT))<T + dip,q). 

Let Vi = —a'{T) and V2 = — cr^((i(p, cr(T))). Figure E] illustrates the 
following inequalities. 




p = crr(O) 



Figure 8. Illustration of the proof of Corollary 116.71 
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Using Lemma [16. 3 [ we have for < s < T — d{p, q): 

d{a{s),aT{s)) = d{av^{T - s),a^^{d{p,a{T)) - s)) 

< d{a^^{T - s),a^^{T - s)) + 
d{a^^{T - s),a^^{d{p,a{T)) - s)) 

< A rfK(T),a,,(T)) + |T - rf(p,a(T))| 

< A {d{q,p) + d{a,MP,(^iT))),a,,{T))) + d{p,q) 

< 2A d{p, q) + d{p, q) < {2A + l)d. 

Taking the hmit, we conclude that 

d{a{s),a,,{s)) < {2A+l)d 
for all s > 0, i.e., [cr^g] = [a]. Proposition 116.21 implies that Vq = v. □ 
For Vq G SxX, i? > 0, 5 > 0, we define 

(16.3) U{vo, R, 6) := {a^{t) \ t> R,v e S^X with Z^ivo, v) < 5}, 

which we consider as geometric neighbourhoods of points at the geo- 
metric boundary. 

Proposition 16.8. Let d > be given. Let Vq G SpX and Vi G SqX 

with [cXt,,,] = [cr^j] and d{p,q) < d. Then for all R,6 > there exist 
R! = R'{X, d, R, S) and 5' = S'{X, d, R, S) such that 

U{vuR',6') C U{vo,R,6). 

Proof. We choose 

R' := max <R + d, C(X, d, -), ^(1, -,X) + d 

where R and C are defined as in Propositions 116.51 and 116.61 Let 
0" = (Jtij. Since R' > C{X,d, |), we conclude with Corollary 116.71 that 

(16.4) Z,ivo,aiR'))<^-. 

Since the curvature of X is bounded from below, there exists 6' > 0, 
only depending on R' and X, such that 

a^{R') G Bi{a{R')) V w G SgX with Zp{v, vi) < 6'. 

Figure [9] illustrates the following arguments. 

Let z G U{vi,R',S'). Then z = a^{t) with Zp{v,vi) < 6' and t > R! . 

5 
4' 



Since R' > R{1, f ,X) + d, we have 



d{p,a{R')),d{p,a,{R')) > R{1,^-,X) 
and d{(j{B!)^(jy{R)) < 1. Using Proposition 116.51 we conclude that 
(16.5) Zp{a{R!),a,{R!)<-. 
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aiR') 



P 




a 



Vl 



a,{R') 



< 6' 



Figure 9. Illustration of the proof of Proposition 116.81 



Since t > R' > C{X, d, |), we deduce from Proposition 116.61 



(16.6) 



Zp{a,{R'),a,{t)) < -. 



Bringing (116. 4p . (116. 5p and (116. 6p together, we obtain 

Mz, Vo) < Zp(o-^(t), a^{R')) + Zp{a^{R'), a{R')) + Zp{a{R'), vq) 



^ ^ ^ ^ , 
< 7 + 7 + 7<'^ 
4 4 4 



and 



□ 



d{z,p) > d{a^{t),q) - d{p,q) >t-d>R'-d>R 
i.e., z G U{vo, R,6). This finishes the proof. 

Let (X, g) be a noncompact harmonic space with purely exponential 
volume growth. The geometric compactification X = XUX(oo) is now 
the disjoint union of all the points in X and the equivalence classes 
[a] of unit speed geodesic rays a : [0, oo) — )■ X. The above consid- 
erations lead to the following natural topology on X: A basis of this 
compact topological space is given by the open balls f/e(p) = {x E X \ 
d{x,p) < e} with p E X (neighbourhoods of finite points p G X) and 
the sets U{yo, R,5), defined in (116.31) (neighbourhoods of the infinite 
point [(Jt,,)] G X(oo)). For all p G X, the map 

^p:{vETpX\ ||f|| < 1} = 5p(l) — > XUX(cx) 




if ll-ull < 1, 
if lkll = l, 



is a homeomorphism. The same holds true for the restriction: For all 
p G X, the map 

(16.7) 



$p : SpX X(oo) 
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is a homeomorphism. 

17. BUSEMANN FUNCTIONS AND THE GEOMETRIC BOUNDARY 

We begin with the following definition: 

Definition 17.1. Let {X,g) be a connected noncompact complete Rie- 
mannian manifold. Two unit vectors v,w & SX are asymptotic di- 
rections, if the corresponding geodesic rays (JviCFyj : [0, oo) — i- X with 
cr(,(0) = V and cr^(O) = w stay within bounded distance, i.e., there is a 
constant C > such that 

d{a,{t),a^{t)) < C 

for allt>0. In other words, v and w are asymptotic directions iff (Jv 
and (Jw define the same equivalence class. 

Let (X, g) be a noncompact harmonic space. For all v G SX and 
t G M let by^til) = d{q,ay(t)) — t. The Busemann function b^ is then 
defined as 

by{q) = lim 

Proposition 17.2. Let {X,g) be a noncompact harmonic space with 
purely exponential volume growth and v G SX . Then the Busemann 
function by is differentiable, and the vector field Z{q) = — grad6^,(g) is 
a vector field of asymptotic directions. 

Proof. We know from Proposition [TL3] that by is differentiable and that 
we have grad6„ = lim(_^oo gradfet^^t, where the convergence is uniform 
on compact sets. 

Let w = — grad6t,(g) = lim(_^oo — grad Since we have 

d{ay{s + (t - d{q,ay{t)))),a_gradb^.t{g)is)) < A d{ay{t - d{q, ay{t))), q), 
for all < s < d{q, cry{t)), by Lemma [16.31 we conclude 

(i(a^(s),(T_gi.adb„,t(g)(s)) < \t - d{q,Cy(t))\ + A d{ay{t - d{q,ay(t))),q) 

< \t- d{q, ay{t))\ +A{\t- d{q, (T,(t))| + d{p, q)) 

< dip, q) + A{d{p, q) + d{p, q)) = {2A + l)d{p, q), 

for all < s < d{q{cy(t))). Keeping s > fixed, and taking the limit 
t — )■ cxD, we obtain 

d{ay{s), Cr_ grad6„(i3) 

{s)) < {2A + l)d{p,q) Vs>0, 

i.e., V and Z{q) = — grad6^(g) are asymptotic directions. □ 

Corollary 17.3. Let {X, g) be a noncompact connected harmonic space 
with purely exponential volume growth. Ifv,w G SX are asymptotic 
directions, then by — byj is constant. 
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Proof. For all g G X, the vectors — grad6„(g), — grad6^„(g) G SgX are 
asymptotic to v and, therefore, asymptotic to each other. Because of 
Proposition 116. 2^ we have 

- grad by (q) = - grad 6^ (g) Vg G X. 

This implies that grad(6t, — b^) = and, therefore, b^ — b^ must be 
constant on X. □ 

Definition 17.4. Let {X, g) be a noncompact connected harmonic space 
with purely exponential volume growth. For p G X and C, G X(oo), we 
define 

where v G SpX is given by [cTv] = ^. Note that 

The next result states that the Busemann boundary and the geo- 
metric boundary agree for noncompact harmonic spaces with purely 
exponential volume growth. 

Theorem 17.5. Let {X,g) be a noncompact connected harmonic space 
with purely exponential volume growth andpo E X be a reference point. 
Then there is a canonical homeomorphism d^X — )■ X(oo), given by 
bv ^-7■ [cTy] for all v G Sp^^X . 

Proof. We recall from Proposition 111.4( 2) that the map ipp^^ : Sp^X — )• 
cf^X, defined by (Pp^{v) = 6^, is a homeomorphism. We saw at the 
end of Chapter [16] that the map : Sp^X — )■ X{oo), $p(f) = [cy] 
is a homeomorphism (see (116.71) ). The canonical homeomorphism in- 
troduced in the theorem is the composition of these two homeomor- 
phisms. □ 

Let us, finally, return to the visibility measures fip G J^i{d^), in- 
troduced in Chapter [121 Using the canonical homeomorphism d^X — )■ 
X{oo) in Theorem 117.51 we can view these as probability measures on 
the geometric boundary X(oo). Then we have dfipg{[ay]) = -^dOp^iv) 
for all V G Sp^^X and, because of the identity 

d/.,(0 = e-'^^^ceW ^^^^(^) 
for all ^ G (9^", we have the identity 

rf/ip(K])=e-'^'"'(^)rf/ip„(K]) 

for all V G Sp^^X representing [a^] G X(oo). This will become important 
in Chapter [18] below on the solution of the Dirichlet problem at infinity. 
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18. Solution of the Dirichlet problem at infinity 

Let {X, g) be a harmonic manifold with purely exponential volume 
growth. Recall that the Busemann function associated to f G SpX is 
defined as 

K{q) := lim d{cy{t), q) - t. 

t—>oo 

For Vq G SpX and 5 > 0, we introduce the cone 

C{vo,6) = Mt) I t>0,Z{vo,v) <6}. 

We already mentioned at the end of Chapter [H] the crucial condition 
lim^;^^ Hx = 5^ to solve the Dirichlet problem at infinity. This abstract 
condition can be deduced from the geometric fact that any horoball H, 
centered at ^ = 0^^(00) G X(oo), ends up inside any given cone C{vo, 6), 
when being translated to the horoball "H along the stable direction (see 
the illustration in Figure [TOj) . This is essentially the content of the 
following proposition. (Note that the horoballs centered at ^ can be 
described by {g G X | 6t,,)(g) < —C}, and that these horoballs become 
smaller and shrink towards the limit point ^, as C G M increases to 
infinity. ) 



X(oo) 




Figure 10. Geometric property to guarantee the solu- 
tion of the Dirichlet problem at infinity 

Proposition 18.1. Let {X,g) be a harmonic space with purely expo- 
nential volume growth. Let vq G SpX and 6 > 0. Then there exists a 
constant Ci > 0, depending only on vq and 6, such that 

KXl) > d{p, q) - Ci for all q G X\C{vo, S). 
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Remark Proposition 118.11 does not hold if (X, g) is the Euchdean 
space. In this case, every horoball is a halfspace, which hes never inside 
a given cone. 

Proof. There exists a constant Ci > such that 

(18.1) < 2(c^„(t),g)p < Vt>0 \f q e X\C{vo,6). 

If this were false, then we could find sequences t„ > 0, g„ G X\C{vo, 6), 
such that 

This would mean, by Theorem 1 15. 6 [ that d{j), qn) — )• oo and Zp(fo, qn) 
0, which is a contradiction to g„ G X\C(fo, 5). 
(118. ip means that 

d{p, q) - {d{c,, {t),q)-t)<Ci V t > 0. 

Taking the limit t — )■ oo, we obtain 

d{p,q) -Koil) = d{P,(l) - }^^{d{cvo{t),q) ~ t) < Ci, 

finishing the proof. □ 

In fact, we need the following uniform modification of Proposition 
118.11 Note that in Proposition 118.21 below, v G SpX plays the role of 
vq in Proposition 118. 11 and every x G C{vo, |) satisfies x G X\C{v, |), 
because of Zp{v,vo) > 6. 

Proposition 18.2. Let {X,g) be a harmonic space with purely expo- 
nential volume growth. Let vq G SpX and 6 > 0. Then exists a C2 > 0, 
depending only on Vq and 6, such that 

bv{x) > d{p,x) - C2, 
for all X G C{vq, |) and all v G SpX with Zp{v, Vq) > S. 
Proof. There exists a constant C2 > such that 
0<2{c^{t),x)p<C2 Vt>0, ^ V e SpX with Zp{v,Vo) > 6, 

V X G C{vo, -), 

for otherwise, we could fine sequences t„ > 0, f„ G SpX with Zp(f„, f 0) > 
5, and x„ G C(fo, |) satisfying 

i.^v„(tn) y Xn)p y 00. 

Using Theorem 115.61 this would imply d{p, x„) — )■ 00 and Zp(f„, x„) — )■ 
0. But Zp{vn,Xn) — contradicts to Zp(x„,t'o) < | and Zp(f„,fo) > 5. 
Therefore, we have 

d{x,p) - {d{c^{t),x) -t) < C2 Vt>0, 
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which imphes, taking t — )■ oo, that 

d{x,p) — K{x) < C2 V f G SpX with Zp{v, Vq) > S and V x E C{vo, -), 
finishing the proof. □ 

Now we state our main resuh of this chapter, namely, the solution of 
the Dirichlet problem at infinity in case of purely exponential volume 
growth. 

Theorem 18.3. Let {X, g) be a harmonic space with purely exponential 
volume growth. Let (f : X(oo) W be a continuous function. Then 
there exists a unique harmonic function : X — )■ R such that 

(18.2) hmH^{x) = v{0- 

Moreover, has the following integral presentation: 

X(oo) 

where {nx}x£X C A^i(X(oo)) are the visibility probability measures 
(originally introduced in Definition \12.1\ on ObX , and recalled as mea- 
sures on X(oo) at the end of ChapterfF. 



Remark Note the differences between the earlier Theorem 114.11 
and Theorem 118.31 The earlier theorem states the rather abstract fact 
that every bounded harmonic function F on X can be represented by a 
certain integral of a function ip defined on the boundary, using a rather 
abstract harmonic measure. Theorem 114.11 makes no statement about 
the convergence of F{x) — )■ as x G X converges to ^. Theorem 

118.31 is formulated in the context of continuity, the involved measures 
are the explicitly given visibility measures fix, and it additionally states 
the crucial convergence F{x) — )■ (/^(O- 

Proof. 

(a) We show first that J ip{^)d^x{C) is a harmonic function. Let 

X(oo) 

p G X. Then 
A. j vimxiO = A. 1 = 

X{cyo) X{oo) 

Ax J ^{i)e~^'^^^^^^dfip{i). 

X{oo) 

Let i^' C X be a compact set. Then x t— )■ Lp[^)e~^^P'^'^^'^ is bounded 
for all X G -fC and all G X(oo), because of |6p^^(x)| < d{p,x). More- 
over Ax^p{^)e~^^p-^^^^ = and bp^^(-) is smooth, because of A^-fep^t = h. 
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Therefore, 



X(oo) 

(b) Now we prove 



X(oo) 



hm / Lp{^)dfx^{^) = ifi^o). 
a;-s>Co J 



X{oo) 

Let ^0 = [cvo] with vq G SpX. Without loss of generahty, we can assume 
that ip{C,o) = (by subtracting a constant if necessary). Let e > be 
given. Then there exists 6 > 0, such that 

I '/'([c,;]) I < e W V E SpX with Zp{vQ,v) < S. 

We spht the integral representing H^{x) in the following way: 



UJn\H^{x)\ < 



L 



SpX \ {v I Z{vo,v)<S} 



Vilcv]) e-"'"(") dOpiv) 



+ 



'{v I Z{vo,v)<5} 

Now, using Proposition 118. 2[ we obtain 



ifim) e-^'^^^^ d9p{v) 



UJn\H^{x)\ < \\ip\\ 

Js 



-hid{p,x)-C2) ddp{v) + 



SpX \ {v I Z{vo,v)<S} 



{v I Z{Vo,v)<S} 



Since e > was arbitrary and d{p,x) — )■ oo for x — > we conclude 
that 

\H^{x)\ forx-J-^o- 
(c) Uniqueness of the solution follows from the maximum principle. □ 

Let us finish this chapter with an application of Theorem 118.31 (see 
formulas ffTOjl and (^K^ below). 

Remark Obviously, the harmonic function hy : X ^ W, introduced 
in Theorem 19. H has a continuous extension to the compactification 
X = X U X(oo) via 



hy{q) 



/i(r)(t>, w) if g = expp{rw) G X with w G SpX, 
j^{v,w) if g = [cw] G X(oo) with w G SpX. 



76 GERHARD KNIEPER AND NORBERT PEYERIMHOFF 

This implies that the harmonic map Fe '■ X i?i(0), introduced in 

^ h 

Chapter [TOl has a extension as a homeomorphism F Ej, '■ X ^ -Si(O) 
with FeM = 0. 

Since /i^, : X — )■ M and its restriction on X is harmonic, we know 
from Theorem 118.31 that 



h OJn 

SpX 

On the other hand, we have 

hy{x) = fi{dp{x)) ■ {v,Wp{x)), 

which imphes that 

(18.3) — [ e-^^-^''\v,w)d9p{w) = h- fi{dp{x)) ■ {v,Wpix)), 



UJn , 

SriX 



or 



18.4) — / e-^"^d9p{w) = h ■ ix{dp{x)) ■ Wp{x). 



19. HOROSPHERES OF HARMONIC SPACES WITH PURELY 
EXPONENTIAL VOLUME GROWTH HAVE POLYNOMIAL VOLUME 

GROWTH 

The Anosov property imphes for all v G SX the existence of a split- 
ting 

T,SX = E'{v) © E'^iv) © E'{v) 
and constants a > 1 and 6 > such that for all ^ G E^{v) 

(19.1) < aUWe-"' Vt>0. 

Let C SX be the corresponding strong stable manifold, i.e., the 
integral manifold associated to the distribution E^ through v G SX. 
Its projection T-L^ = ttW^ C X is a horosphere orthogonal to v. Let 
p = 7t{v). Consider a curve 

in the strong stable manifold such that 



1 



r > length(7r o ^) = 






Note that the geodesic flow 0* : SX — )■ SX induces a bijection 0* : 
— )• W^t^- We apply this to the curve ^ (see Figure [TTj) . Then 

7ro0*e:[O,l]^-H<^*, 
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and, since = (s)) e E^i^s)), 



1 




Figure 1 1 . Contraction of the geodesic flow on stable horospheres 

Since the sectional curvature of a harmonic space is bounded, we 
conclude that the second fundamental form of horospheres is bounded 
as well (see the proof of part (A) of Proposition 14. ip . Therefore, there 
exists C > such that 

\\'^i.oO'is)as)\\<C\\noO'is)\\. 

This implies 
and 

length(7r o 0*^) < ae'^Wl + length(7r o ^) < ae'^Wl + r. 
Hence length(7r o 0*^) < 1 if 

ae-'"VTTCPr < 1, 

or equivalently 
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which means 

t > — : to- 



Let -B-^f = V^,.^, where ^ is the inward unit normal vector field of the 
horosphere T-L. We know from above that ||-B^|| < C. 
Recall the Gauss equation 

{R{X,Y)Y,X) = {R^{X,Y)Y,X) + {X.ByYf - {BnX, X) {BnY,Y) 

with X, y G TgH. If X, Y are orthonormal, we have 

\Kn{span{X,Y})\ < \K{span{X,Y})\ + 2\\Bnf < C, 

for some positive constant C > 0, since harmonic manifolds have 
bounded sectional curvature. Therefore the Volume Comparison The- 
orem yields that any ball of radius 1 in any horosphere has an intrinsic 
volume bounded by some constant A > 0: 

vol-^(i?i(g)) < A V horospheres W q eH. 

This implies that 

vol^„(i?,(p)) < vol^„(r*''(5i(vro0*«(t;)))) 

< e''^vo\n^,^jB,ino^M))<Ae'^''> 

= Ae^ i°s(«v^ ^0 = A{aVlTC^ rfl\ 

This proves the statement in the title of this chapter. □ 



20. Mean value property of harmonic functions at 

infinity 

In this chapter, we modify the arguments given in jCaSamj for as- 
ymptotic harmonic manifolds of negative curvature. The flow of argu- 
ments follows also the arguments given in [KPj . 

Theorem 20.1. Let {X,g) be a noncompact harmonic manifold of 
dimension n E N with purely exponental volume growth. Let ip : X = 
X U X(oo) — 7- M 5e continuous, and its restriction : X — )■ R 6e 
harmonic. Let ^ G X(oo) and po E X . Let G X be the horosphere, 
centered at ^, containing the point pq. Let Kj G T-L be an exhaustion of 
%, such that dKj is smooth and satisfying 



— )■ as j — 7- oo. 



Then we have the following "mean value property at infinity": 

J^^ ip{x)dx 
j-^oo vol„_i(Aj) 
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Remark Since horospheres have polynomial volume growth, the 
intrinsic balls of suitably chosen increasing radii satisfy 



0. 



vol„_i(5^(rj)) 

A suitable choice of sets Kj are regularized spheres, as explained in 



\KF\ p. 665]. But there might be many more increasing sets satisfying 
this asymptotic isoperimetric property. 

Proof. Let ^ = [c„] with v G Sp^X and n = b-\0). Let Ut = b-\t). 
Let 0t : X — X be the flow assiciated to gradfe^, = gradfep^,^^. Then 
4)t:V.o^ V-f Let Kj{t) = ^t{Kj) C "Ht. Then 

Since X has a lower sectional curvature bound, there exists C > such 
that 

vo\n-2idK^it)) < e^l*l vol„_2(9ir,). 
This implies that, on every compact set / C [0, oo), we have 



/ — J- 0, as j — 7- oo. 



Define 

Ik (t) Vi^)dx 

"'^ ' voU_i(ir,(t)) 

Since | \gj\\oo < I I'/'l loo, using diagonal arguments, we find a subsequence 
gj^ such that gj^{t) — )■ g{t), for all rational t. Since if is uniformly con- 
tinuous, we have gj^ — > g pointwise to a continuous limit. 

Next we show that g satisfies 
(20.1) / + hg' = 0, 

in the distributional sense. Let G C^(]R) be a test function. Then 
we have 

gmr{t) - hi^\t))dt = J j^f^^^int) - hi,\t))dt. 

— oo — oo 

Let if : Ti X (—00,00) — )■ M be defined as (p{x,t) := ip{(()t{x)). The 
tranformation formula yields: 



(p{x)dx = J (p{x)dx = J (f o (j)t{x) Jac 0t(x) dx 

= e^^ I (p{x,t)dx. 
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Therefore, we have 

1 



9 At) 



(p{(f)tx)dx, 



and 



g';{t) + hg'^{t) 



Y0\{Kj 



Kj(t) =0 



j A^^^ix)^-AnMx)dx 

'' =0 

A-Ht(p{x)dx 
yTad-^^Lp{x),u^)dx, 



vol(ir,(t)) 



dKj{t) 

where Vx denotes the outward unit vector of dKj{t) C l-Lt- Since 
suppV' C M is compact, we have 



g,{m\t) - h^\t))dt = / (gUt) + hg'{t))mdt 



voL 



^(^X{t)) J (^'^^^n{t)fix)^Vx)dx^lj{t)dt. 



dKj{t) 



Taking absolute value, we conclude: 

g,{tW{t)-h^'{t))dt 

- J Y0\n-l{K,{t)) 
supp l/l 



oo oo 



dt 0, 



as j — )■ cxD, since, by Theorem 18. 11 

(grad^^(p),w) 



vol(5i(p)) 



v{(l)Vv{q)dfii{q) Wve SpX, 



Slip) 
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which imphes 

\\ gmdx <f{p)\\ < ——^---vo\n-i{Si{p))\\ip\\oo, 
vol„(5i(p)) 

i.e., 

II A II ^ V0l„_i(5i(p)) 

grad^(/? oo < 1 . XX m oo- 

By Lebesgue's dominated convergence, and since | Isfl loo; I Is'il loo < 1 1 '/'I loo, 
we conclude that 



git){ip"{t)-h^'{t))dt = 0, 



i.e., the continuous function g satisfies (120.11) in the distributional sense. 
Therefore, g is smooth and satisfies (120. ip in the classical sense, which 
implies 

g' + hg = c, 

for some suitably chosen constant c G M. The general solution of 

-ht 

g ist bounded, we have g{t) 



g' + hg = c is g{t) = c'e + f with an arbitrary constant c' G M. Since 



c_ 

h- 



Let po & X, V & Sp^X and ^ = [cy] G X(oo). Let e > and R > 0. 
Recall from Proposition 118. H that we find t > R such that 

(20.2) b^,p,{{-oo,-t]) cU{v,R,e). 

Continuity of : X — M implies, for every e > 0, that there exists 
an open neighborhood f/ of ^ G X(oo), such that 

|¥.(x)-y.(0| <e \fxeU. 

Choose t < negative enough, such that Tit = b^^^it) C U. This is 
possible because of (120. 2p . This implies 

Therefore, we have \g{t) — ^p{^)\ < e for t < negative enough. Since 
g(t) = j^, i.e., g is constant, we must have g = ^p{C,)^ since e > was 
arbitrary. 

For t = 0, we conclude 

r„ ip(x)dx 

as J — )■ oo. This finishes the proof. □ 
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